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ANALYZA NAVRHOV VYUZITIA APLIKACIE MATHKS
STUDENTMI PREDSKOLSKEJ A ELEMENTARNEJ PEDAGOGIKY

Jakub LIPTAK
Presovska univerzita v PreSove, Pedagogicka fakulta (Slovenska republika)
jakub.liptak@unipo.sk

Abstrakt

Tento prispevok dokumentuje prvotnu skiisenost’ Studentov predskolskej a elementéarnej
pedagogiky — buducich ucitelov — s technoldgiou rozsirenej reality (AR) v rdmci matematicke;j
edukécie. Studia je kvalitativneho charakteru, priom analyzuje $tudentské navrhy aktivit
vyuzivajuce MathKS, Co je aplikicia podporujica rozsirenu realitu. Jednotlivé navrhy sa
nasledne prezentované v podobe niekol’kych kategorii, a to v zmysle zamerania vytvorenych
aktivit. Vysledky $tadie poukazuji, okrem iného, na potrebu CastejSiecho zaradzovania AR
technoldgie do pregradudlnej pripravy ucitel'ov, so zamerom zdokonalenia ich pedagogickych
a technickych znalosti tykajacich sa AR technoldgie a jej vyuzitia v matematickej edukécii.

Krucové slova: rozsirena realita, priprava ucitel'ov, matematicka edukacia

ANALYSIS OF EDUCATIONAL PROPOSALS FOR THE MATHKS APP
BY PRESCHOOL AND ELEMENTARY SCHOOL PRESERVICE
TEACHERS

Abstract

This paper documents the initial experience of preschool and elementary pedagogy students
— future teachers — with augmented reality (AR) technology in mathematics education. The
study is of a qualitative nature, analysing students’ proposals for activities using MathKS — an
application supporting augmented reality. Individual proposals are subsequently presented in
the form of several categories in terms of the focus of the created activities. The results of the
study show, among other things, the need for more frequent inclusion of AR technology in the
undergraduate training of teachers, with the aim of improving their pedagogical and
technological knowledge regarding AR technology and its use in mathematics education.

Keywords: augmented reality, teacher training, mathematics education

1. Uvod

Technologia rozsirenej reality (AR) patri v sicasnosti medzi najpopuldrnejsie technologie
v matematickej edukacii (Ahmad et al., 2020; Saundarajan et al., 2020; Jabar et al., 2022; Bulut
& Ferri, 2023). Vplyvom rozsirenej reality dochddza v edukécii k obohateniu zmyslového
vnimania ucastnika procesu prostrednictvom virtualneho kontextu. Samotna technolédgia je
pritom zalozend na sucinnosti viacerych hardvérovych a softvérovych komponentov.
Z pohl'adu pouZivanych technickych zariadeni mozno rozliSit' dva zékladné typy AR, ato
tablet-based AR a wearable AR. Spustenie samotného roz§irenia je pritom zaloZené na ur¢itom
podnete, na zéklade ktorého mozno technologiu AR Clenit’ na marker-based AR, markerless
AR, superimposition-based AR a SLAM-based AR (Hnatova, et al. 2024).
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V ramci matematickej edukacie je mozné vyuzivat ktorykol'vek typ AR technologie,
nakol’ko jej samotné vyuzitie sa moze tykat’ rozliénych edukacnych zamerov.

Rozsirena realita sa za poslednych niekol’ko rokov stala zaujmom mnohych stadii a prac
v oblasti matematickej edukdcie pre predprimarny aprimarny stupenl vzdeldvania
v stredoeurépskom aj celosvetovom priestore. Jednotlivé stadie pritom poukézali na vyuzitie
rozsirenej reality v ramci rozliénych matematickych tém, ale aj vplyv rozsirenej reality na
psycholdgiu ucenia sa, napriklad v oblasti motivacie ziakov k uceniu sa (Demitriadou et al.,
2019; Yousef, 2020; Amir et al., 2020). AR technologia pritom mdze mat pozitivny vplyv na
ucebné vysledky ziakov (Masneri et al., 2022; Bulut & Ferri, 2023).

Roz8irena realita je uplatnitelna v rozliénych matematickych oblastiach. Pridavkova
(2023) prezentovala moznost’ vyuzitia rozSirenej reality pre ucCely modelovania zéapisu
prirodzeného Ccisla. Okrem vytvarania predstdv o pozi¢nej sustave vSak mozno AR
technologiu vyuzit' aj pri operaciach s ¢islami (Ivonne et al., 2020), ¢i dokonca rieSeni
rovnic (Mokri$ et al., 2023). V spojeni s aritmetikou, avsak presahujuco aj do inych oblasti
bolo poukdzané na moznosti vyuzitia AR technologie pri tvorbe a rieSeni slovnych uloh
(Hnatova, 2023).

Asi vSak najfrekventovanejSie vyuzitie AR technoldgie v rdmci matematickych tém, na
zaklade datovanych vyskumov, ma oblast geometrie (Hnatova et al., 2024). V geometrii ju
pritom mozno vyuzit na rozpoznavanie geometrickych utvarov (Gecu-Parmaksiz &
Delialioglu, 2019). Pridavkova (2022) poukézala na vyuzitie roz§irenej reality pri tvorbe uloh
zameranych na tému simernost’ v rovine. Pri vytvarani eduka¢nych materidlov v spojeni
s AR technologiu protom mozno vyuzit’ dostupné softvéri, ako napriklad GeoGebra. Mokri§
et al. (2024) nacrtol mozZnosti vytvarania priestorovych geometrickych tutvarov a ich
vizualizaciou pomocou programu Geogebra. Wossala (2023) okrem samotnych priestorovych
utvarov upozoriiuje na moznost’ vizualizacie ich sieti.

AR technologia ma svoje uplatnenie aj vo volnocasovych aktivitaich matematického
charakteru. Liptdk (2024) sumarizoval doterajSie vyskumné prace zamerané na vyuZitie
technologie rozSirenej reality v oblasti mimoSkolskej, resp. rekreacnej matematiky, kde
najcCastejSie sa vyskytujucou oblastou boli hry a tlohy v Stvorcovej sieti, kartové a stolové
hry, a geometrické skladacky. Korenova et al. (2023) dodava, ze AR technologia je
perspektivnym néstrojom edukécie v Skolskom klube deti. V nadvéznosti na to Hnatova
(2024a) poukazuje na moZnost vyuzZitia AR technologie vo formy didaktickej hry. Inym
vhodnym materidlom pre edukacné aktivity pocas ale aj mimo vyucovania su kocky a s nimi
suvisiace aktivity, priCom AR technoldgiu mozno v spojeni s touto oblastou vyuzit mnohymi
sposobmi (Hnatova, 2024c; Hnatova, 2024d).

V ramci prezentovanej Stadie st objektom zdujmu budici ucitelia predprimérneho
a primarneho stupiia vzdeldvania vroli tvorcov edukacnych aktivit s vyuZitim aplikacie
vyuzivajucej projekciu kockovych Struktur.

2. Metody

Cielom tejto Stadie je identifikovat’ navrhy edukacnych aktivit Studentov predskolskej
a elementarnej pedagogiky s vyuZitim aplikacie MathKS vizualizujucej kockové stavby
pomocou rozsirenej reality. Nasledne je zdmerom navrhnuté aktivity kvalitativne analyzovat
avyvodit zavery pre pripravu buducich ucitelov predSkolského a primarneho stupna
v spojeni s vyuzivanim rozSirenej reality pre Ucely matematickej edukécie. Vyskumnou
otdzkou je teda: Aké su primdarne navrhy edukacnych aktivit Studentov predskolskej
a elementarnej pedagogiky vyuzivajuce AR technologiu v prostredi aplikdacie MathKS?
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2.1. Participanti

Stadie sa celkovo zi&astnilo 153 §tudentov predikolskej a elementarnej pedagogiky
v druhom ro¢niku bakalarskeho Studia na jednej univerzite na Slovensku. Vek participantov sa
pohyboval v rozmedzi 20-22 rokov, pricom dostupnym vyberom ziskand vzorka mala rydzo
zenské zastupenie. Nikto z participantov nemal dovtedy skusenost’ s technoldgiou rozsirenej
reality; participanti dokonca nevedeli ¢o je rozSirend realita.

2.2. Pouzité nastroje

Vramci $tadie bola pouzita aplikdcia MathKS zobrazujuca kockové Struktary
prostrednictvom technologie rozsirenej reality. Uvedena aplikacia je kompatibilna so systémom
Android. Ide o marker-based aplikaciu, teda na vizualizdciu rozsirenej reality v podobe
kockovej stavby je v tomto pripade pouzity QR kod. QR kodu je jednoznacne priradena stavba,
ktora je nacitand z vytvorenej databazy. Aplikacia umozinuje individudlne zobrazenie celkovo
52 rozliénych kockovych Struktir. Vyobrazenii kockova Struktiru mozno pozorovat
z jednotlivych stran (podorys a 4 bokorysy), priCom kazdy z pohl'adov je farebne rozliseny.
Navyse, kazdy zpohladov je vyobrazenim urcit¢ho tlacen¢ho pismena latinského pisma.
Orientécia danych pismen sa méze lisit’ od klasického zapisu (pozri Obrazok 1). Kazda z tychto
kockovych stavieb takto zobrazi tri odliSné pismena (v tomto pripade su to pismena N - biele,
U — modré a zIté, D — zelené a Cervené).

Obrazok 1. Jednotlivé pohl'ady na kockovu stavbu v rozsirenej realite

2.3. Priebeh

So skupinami participantov bolo organizované jednohodinové stretnutie, pri¢om
participanti absolvovali stretnutie v skupindch o vel'kosti 20-27 jedincov. Pocas tohto stretnutia
boli participanti oboznameni s aplikdciou MathKS. Participantom boli prezentované kockové
stavby zobrazené prostrednictvom opisanej aplikacie na mobilnom zariadeni, ktorého plocha
bola zdieland so stolovym pocitacom pomocou programu 7TeamViewer a projektovand na
bielom platne. QR kod nasnimali ti participanti, ktori o to prejavili zadujem. ZvySni participanti
sledovali rozsirent realitu na premietacom platne. V priebehu snimania a projekcie digitalneho
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vyobrazenia sa vyskytli technické problémy suvisiace s prerusenim vizualizacie v désledku
rychlych pohybov so zariadenim, alebo odklonenim zariadenia od QR kédu. To vSak vyraznym
sposobom neovplyvnilo zdmer, ktorym bolo oboznamenie participantov s aplikaciou. Aby
participanti evidovali moznost’ vyuzitia danej aplikacie v edukacnej realite, zadali sme im ulohu
identifikovat’ jednotlivé pismena a zapisovat’ ich. Nésledne bolo ich ulohou zostrojit’ co najviac
plnovyznamovych slov. Pri rieSeni ulohy pracovali v 5-8 ¢lennych skupinach. Po ukonceni
skupinovej prace a prezentdcii jednotlivych rieSeni bola skupinam participantov zadana
nasledovna uloha: ,,Navrhnite edukacné aktivity pre deti mladSieho Skolského veku zamerané
na oblast’ matematiky, v ktorych bude dochadzat’ k pouZzivaniu aplikécie MathKS.*

Kazda skupina mala na vypracovanie zadania dostatok Casu; vypracovanie odovzdavali
ked’ sami uvazili jeho obsahovu saturaciu.

2.4. Analyza dat

Studentské navrhy aktivit zamerané na vyuzivanie aplikacie MathKS v edukaénom procese
boli podrobené obsahovej kvalitativnej analyze. Celkovo bolo zozbieranych 26 vypracovani,
pri¢om niektoré vypracovania obsahovali aj viac navrhov edukacnych aktivit. Tieto aktivity boli
kodované na zéklade ich Specifického zamerania. V pripade vyskytu podobne formulovanych
aktivit boli tieto aktivity analyzované, no do d’alSej analyzy bola brana len jedna.

3. Vysledky

Na zaklade obsahovej analyzy navrhov aktivit/iloh sme vytvorili Styri kategorie navrhov:

e navrhy aktivit zamerané na precvi¢ovanie matematickych znalosti,

e navrhy aktivit bez spatosti so Specifickym eduka¢nym obsahom,

e navrhy aktivit na oboznamovanie sa s rozsirenou realitou,

e navrhy aktivit bez jasného eduka¢ného zameru alebo problematické z hl'adiska

jednoznacnosti a korektnosti.

Tieto namety na aktivity uvadzame v nasledujiucej Tabulke 1. aZ 4. Jednotlivé namety st
podporené nasim komentarom, ktorého hlavnou ulohou je ozrejmit’ navrhnutt aktivitu a uviest’
ju do SirSieho edukaéného kontextu.

Tabulka 1. Aktivity zamerané na oblast’ matematiky

Popis navrhnutej

e Komentar
aktivity/ulohy
Urc¢it’ pocet Stvorcov Uloha je vhodnd od najniz§ieho stupia matematického
v jednotlivych pismenach vzdeldvania. V nadvéznosti na tito ulohu mozno formulovat
(farieb). pokyny zamerané napr. na porovnavanie a usporiadanie.
Usporiadat’ pismena Uloha predpoklada uréenie poétu §tvorcov jednotlivych farieb.
(zostupne/vzostupne) podla Tie je mozné nasledne porovnavat’ a usporadivat’.

poctu stvorcov.

Ziaci uréujii pocet predmetov poéitanim po jednom. Uloha

Urc¢it’ pocet kociek v kockove;j pritom vyzaduje systematicky postup rieSenia. V opa¢nom
stavbe. pripade moze dojst’ k chybe kvoli viacndsobnému zapoditaniu

kociek, resp. vynechaniu niektorych kociek.

Zoradit’ QR kody podla poétu Ziaci najprv musia uréit’ poéty kociek v jednotlivych stavbach
kociek v stavbach. a nasledne tieto hodnoty porovnat’.
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Urcit pocet kociek potrebnych
na doplnenie stavby aby vznikla
kocka/kvader.

Tato tlohu mozno riesit viacerymi spdsobmi, na co je
potrebné v priebehu prace so ziakmi podotknut’. Typickymi
sposobmi je dopocitavanie (doplnanie) kociek do stavby.
Inym spdésobom je rieSenie ulohy hladanim rozdielu medzi
poctom kociek stavby a po¢tom kociek, ktoré vytvoria ,,vel'ka*
kocku. Uloha je vhodna pre oboznamovanie sa s vlastnostami
kocky.

QR kody su ulozené vedl'a seba
(je nimi vyskladané slovo).
Ulohou deti je ,,uhadnut™
myslené slovo.

Riesenie tejto ulohy zahima kombinovanie jednotlivych pismen,
¢o priamo suvisi s rieSenim kombinatorickych tloh. V nadvéznosti
na tuto ulohu mozno formulovat’ problém: Kolko réznych slov
mozno vytvorit’ z danych moznosti?

Postavit’ z realnych kociek
pismena na zéklade
projektovanych modelov —
diskusia o vlastnostiach kocky

Vytvaranie pismen pomocou kociek moze byt aktivitou pre deti
zoznamujuce sa s pismenami. Nasledne z toho mozno vytvorit’
ulohy zamerané na oblast’ kombinatoriky, obsahu, objemu
a pod.

NajfrekventovanejSimi ndmetmi na pracu s detmi boli aktivity, kde hlavnou napliiou deti
je urcit’ pocet kociek, resp. stvorcov danej farby. Ide o o¢akavany vysledok, nakol'’ko ulohy na
uréovanie poctu mozno povazovat' za najjednoduchsie v zmysle vytvorenia samotnej ulohy.
Dal$im nametom bolo dopinanie kociek do stavby. Nazdavame sa, Ze pri tomto navrhu boli
participanti ovplyvneni rieSenim podobnej Glohy v minulosti, av§ak v podobe planu stavby
alebo 3D grafického nahl'adu na stavbu z kociek.

Tabul’ka 2. Namety pre nespecificky edukacny obsah

Popis navrhnutej aktivity/alohy

Komentar

Zadanim bude omalovanka, ktorej jednotlivé sektory
buda mat’ vpisané matematické priklady (napr. 3 -2 =...).
Okrem toho budu v zadani pismena, ktoré bud
priradené k &islam — vysledkom prikladov. Ulohou

ziakov je:

e vypocitat priklady a tym identifikovat’

priradené pismeno,

Tato apodobné aktivity by vyuzivali
prezentovanu aplikaciu v zmysle referencie
na farbu alebo nejakli inu vlastnost’ spétu
s vyobrazenymi stavbami a pismenami.
Takymto sp6sobom by mohla byt’ aplikacia
vyuzita v rdmci série uloh, ktoré vzajomne
odkazujt na seba.

e nasnimanim stavieb zistit, aka farba prislucha

danému pismenu,

o danou farbou vyfarbit’ obrazok.

Deti riesia matematické ulohy s vyberom moznosti.
Po vyrieSeni tlohy a nasnimani QR kédu, ktory sa
nachadza pri zadani ulohy si deti overia spravnost’
odpovede (napr. spravna je odpoved’ A vtedy, ak
jednym z pismen v kockovej stavbe je pismeno A).

Tento navrh ma vSeobecni platnost’
z pohladu obsahu vyucovania. V pripade
matematiky, teoreticky, by spravnost’
Ciselnej odpovede matematickej tulohy
mohla byt overena napr. ur¢enim poctu,
rozdielu, podielu alebo sucinu konkrétnych
kociek stavby.

V pripade prvého navrhu sa Studenti pravdepodobne nechali inSpirovat’ Ulohami
z pracovnych zoSitov pre primarne vzdeldvanie. Druhy ndvrh povodne nie je viazany na
matematicky obsah, ajeho nasilné spajanie s matematikou sa nejavi byt vhodnou cestou.
Napriek tomu je mozné ngjst’ urcité prieniky.
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Tabul'ka 3. Aktivity na oboznamovanie sa s roz§irenou realitou

Popis navrhnutej aktivity/alohy Komentar
Zakreslit’ do Stvorcovej siete jednotlivé pohl'ady na Tuto ulohu mozno povazovat’ za vhodnt
kockovu stavbu (jednotlivé pismend). Nasledne mozno  pre oboznamovanie sa s pismenami.
ziakom formulovat’ tlohy ako: Diskutovanie poctu pouzitych Stvorcov
e presui Stvorce tak, aby ti vzniklo iné pismeno, vsak  mo6ze prispiet  k budovaniu

e ur¢ pocet Stvorcov, ktoré potrebujeme predmatematickej gramotnosti.

pridat/odobrat’, aby sme vytvorili iné pismeno.

Deti hl'adaju konkrétne pismend v AR stavbach. Ak Aktivita je zamerand na manipuldciu
najdu dané pismeno, spolu s nim si zapisu vsetky s AR  technologiou a identifikovanie
zvy$né pismena v stavbe. pismen abecedy.

Aktivita je zamerand na manipulaciu
s AR technolégiou a identifikovanie

Vypisovanie pismen a skladanie viet pismen abecedy. Potencidlne mozno
navrhnit' aktivitu na tvorbu pisaného
alebo hovoreného textu.

Po ukazke kockovej stavby ziakom su im kladené Touto  aktivitou moze dochadzat
otazky typu: Aké pismena tam boli? Aky bol pocet k cvieniu pracovnej pamiiti.
kociek/stvorcov? Aké farby boli pouzité? ...

Uvedené aktivity moZzno vyuZit' ¢i uZ v ramci vyucovania alebo vol'nocasovej edukacie.
Zameranim sa vSak vzd’al'uju od matematickej edukécie, resp. boli Studentmi formulované
aktivity neSpecifické pre matematické vzdelavanie.

Do poslednej kategorie (Tabul'ka 4.) sme zaradili ndmety aktivit a tloh, z ktorych znenia
nie je viditeI'ny prinos pre matematické vzdelavanie, resp. ktoré nemozno efektivne realizovat’
z dévodu objektivnych obmedzeni. Napriek tomu sme sa u niektorych nametov pokusili najst’
urcité prieniky s matematickou edukéciou.

Tabulka 4. Nevhodné navrhy aktivit

Popis navrhnutej aktivity/ulohy Komentar

V pripade nami prezentovanej aplikacie je vo vacsine pripadov
Na zéaklade ,,digitalnej* kockovej nemozné postavit’ redlnu stavbu kvoli typu stavby (pozri
stavby postavit’ redlnu stavbu Obrazok 1).
z kociek. V pripade inych typov stavieb by vsak iSlo o aktivitu vhodnil

pre deti predprimarneho vzdelavania.

Nami prezentované stavby maju bud’ rovnaké rozmery alebo
rozmery liSiace sa o jednu kocku. Na zaklade nizkej disperzie
je tak nevhodné porovnavat’ jednotlivé rozmery.

Usporiadat’ pismenda/stavby podl'a
vysky, sirky

Z tohto navrhu nie je zrejmy edukacny zamer. Teoreticky,
V poradi ktoré je pismeno napr. pismena so stavieb mozno priradit’ k ¢islam (napr. nominalne
2wl 7 na zaklade vzostupného poradia) a nasledne to vyuzit pre
aktivity so Siframi.

Aktivita je bez konkrétneho ciela. Teoreticky, spolu so
Skladanie pismen zo zapaliek skladanim pismen so zapaliek mozno ulohu ponat
divergentnym sposobom a prepojit’ to s kombinatorikou.

Prepojenie pismen na rimske ¢isla ~ Aj ked’ rimske ¢isla su v kurikule matematického vzdelavania,
— Ktoré pismena st rimskymi nevidime potencial vyuzitia prezentovanej aplikacie pre tento
Cislicami? obsah.
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Ziak ma danu farebnu postupnost.  Kazda stavba pozostiava z rovnakého spektra farieb, a preto
Jednotlivé stavby musi zoradit' do  napr. pre postupnost’ Styroch farieb a danych Styroch stavbach
takejto postupnosti. existuje 4! = 24 rieSeni. Uloha preto nie je problémom.

Kedze stavby v aplikécii neboli klasickymi stavbami z kociek,
Na zaklade ,,digitalnej* kockovej vytvoreny plan by bol nejednoznacny. V pripade
stavby vytvorit’ plan stavby. jednoduchs$ich stavieb by vSak iSlo o vhodnu aktivitu pre
ziakov predprimarneho a primarneho vzdelavania.

4. Zaver

Prezentovana S$tidia poukazuje na niekol'ko podstatnych faktov. Prvym faktom je to, Ze
technoldgia rozsirenej reality a jej didaktické vyuzitie je pomerne malo zname buducim
ucitelom primarneho a predprimarneho stupiia vzdeldvania, priCom k podobnému zaveru
dospela aj Hnatova (2024b). Tieto zistenia sa pritom tykaju znalosti Studentov predprimarne;j
a elementarnej pedagogiky vo vztahu s pouzivanim digitalnych technologii vo vSeobecnosti
(Liptak, 2023).

Druhym faktom je to, Ze napriek limitovanej skusenosti s technologiou rozsirenej reality
boli buduci ucitelia schopni navrhnut’ rozmanité edukacné aktivity a uloh. Na druhej strane,
nakol’ko iSlo o Studentov druhého ro¢nika bakalarskeho $tidia, nizSia kvalita edukacénych
navrhov bola pravdepodobne sposobena ich doposial nedostatocnymi didaktickymi
a odbornymi znalost’ami prisluchajicimi ucitel'ovi matematiky primarneho stupiia vzdeldvania.
K podobnym zaverom dospela Hnatova (2024b), ktora pri identifikacii urovne edukacnych
navrhov s rozsirenou realitou pomocou modelu TIM dospela k tomu, ze buduci ucitelia
predprimarneho a primarneho stupfia vzdeldvania maju tendenciu vytvarat aktivity
s jednoduchsim sposobom integracie. Tento stav by bolo zaujimavé sledovat’ aj z dlhodobého
hladiska, resp. porovnat Uuroveil aktivit budicich ucitelov v jednotlivych fazach ich
pregradualnej pripravy.

Na zaver mozno konstatovat’, ze prezentovana aplikacia MathKS pontka dostatok priestoru
pre vytvaranie edukacnych aktivit, no jej efektivne vyuzitie je zavislé od didaktického
a odborného majstrovstva daného ucitel’a, €o taktiez nadvédzuje na zistenia Mokris et al. (2023).
Pri praci s novym a putavym edukacnym néstrojom akym je prostredie rozsirenej reality mozu
neskiiseni ucitelia, resp. budici ugitelia skiznut od samotného matematického obsahu
k povrchnej ¢innosti (Pridavkovéa, 2023). Nakol'ko sa ukazalo, ze samostatnd praca Studentov —
buducich ucditelov — s digitdlnymi technoldégiami nepoukazuje na ich znalostné prirastky
(Pridavkova, 2023; Nocar & Zdrahal, 2016), povazujeme za potrebné zaradzovat’ efektivne
digitalne nastroje do pregradudlnej pripravy ulitelov, pricom vyznamnu ¢ast by mala tvorit’
¢innost’ spojend s tymito nastrojmi pod vedenim erudovanych pedagogov. Na zaklade toho
mozno predpokladat’ zvySenu pravdepodobnost’ znalostnych prirastkov u Studentov. Aby sa
vS8ak Studenti dokazali aj samostatne vzdelavat’ v oblasti prace s AR technologiou, povazujeme
za potrebné ucitelom pontknut’ kvalitni metodicku prirucku, resp. ucebnicu zamerani na
pedagogicku ¢innost’ s vyuzitim AR technoldgie v matematickej edukécii.

Acknowledgements

Prispevok je CcCiastkovym vystupom grantového projektu KEGA ¢. 024PU-4/2024
Technologia rozsirenej reality a jej inkorpordcia do matematickej pripravy Studentov
v Studijnom programe PredSkolska a elementarna pedagogika.

13



Elementary Mathematics Education Journal 2025, Vol. 7, No. 1
ISSN 2694-8133

Literatura

Ahmad, N. I. N., & Junaini, S. N. (2020). Augmented Reality for Learning Mathematics: A
Systematic Literature Review. International Journal of Emerging Technologies in
Learning (iJET), 15(16), 106—122. https://doi.org/10.3991/ijet.v15116.14961

Amir, M. F., Fediyanto, N., Rudyanto, H. E., Nur Afifah, D. S., & Tortop, H. S. (2020).
Elementary students’ perceptions of 3Dmetric: A cross-sectional study. Heliyon, 6(6),
€04052. https://doi.org/10.1016/j.heliyon.2020.e04052

Bulut, M., & Borromeo Ferri, R. (2023). A systematic literature review on augmented reality

in mathematics education. European Journal of Science and Mathematics Education, 11(3),
556-572. https://doi.org/10.30935/scimath/13124

Demitriadou, E., Stavroulia, K.-E., & Lanitis, A. (2020). Comparative evaluation of virtual and
augmented reality for teaching mathematics in primary education. Education and
Information Technologies, 25(1), 381-401. https://doi.org/10.1007/s10639-019-09973-5

Gecu-Parmaksiz, Z., & Delialioglu, O. (2019). Augmented reality-based virtual manipulatives
versus physical manipulatives for teaching geometric shapes to preschool children. British
Journal of Educational Technology, 50(6), 3376-3390. https://doi.org/10.1111/bjet.12740

Hnatova, J. (2023). Vyuzitie technologie rozSirenej reality pri tvorbe arieSeni slovnej
ulohy z matematiky Studentmi uclitel'stva pre primarne vzdeldvanie. Elementary
Mathematics Education Journal, 5(1), 22-31. https://emejournal.upol.cz/Issues/Vol5No1/
Vol5Nol Hnatova.pdf

Hnatova, J., Pridavkova, A., & Liptak, J. (2024). RozsSirend realita v primarnej matematickej
edukacii: analyza edukacnych aktivit Studentov — buducich pedagdgov. PreSov: PreSovska
univerzita v PreSove. Dostupné z: https://www.pulib.sk/web/kniznica/elpub/dokument/
Hnatova2

Hnatova, J. (2024a). Didakticka hra s podporou rozsirenej reality (AR). In: Dva dny s didaktikou
matematiky 2024 (39—46). Praha: PF UK. Dostupné z: https://8d8f55af62.clvaw-cdnwnd.com/
0023db53731df613e31376e312bef977/200000249-bd96bbd96d/DvaDny2024.pdf

Hnatova, J. (2024b). Edukacné aktivity vyuZivajlice rozsirenu realitu pri rozliSovani zékladnych
telies a ich vlastnosti v primarnej matematickej edukécii — pripadova $tadia. Elementary
Mathematics Education Journal, 6(1), 24-36. Dostupné z: https://emejournal.upol.cz/
Issues/Vol6No1/Vol6Nol Hnatova.pdf

Hnatova, J. (2024c¢). Edukacna hra so stavbami z kociek v rozsirene;j realite pre ziakov v 1. cykle
ZS. In: T. Nestorenko, R. Bernatova, & D. Kalita (Eds.), Edukacja i spoleczerstwo IX.
(21-30). Katowice: Akademia Slaska. Dostupné z: http://www.wydawnictwo.wst.pl/
uploads/files/2583a312fe258bf61be2fbc498017f63.pdf

Hnatova, J. (2024d). Stavby z kociek v rozsirenej realite pre Ziakov 1. a 2. cyklu ZS. In: Dva
dni s didaktikou matematiky 2024 (24-29). Bratislava: FMFI UK. Dostupné z:
https://fmph.uniba.sk/fileadmin/fmfi/microsites/kdmfi/odm/zbornik2024.pdf

Ivonne, H. P. A., Alberto, M. P. M., & Guadalupe, C. F. R. (2020). Augmented Reality Application
for Teaching Basic Operations with Fractions of the Same Denominator. Journal of
Computer Science, 16(7), 1042—1062. https://doi.org/10.3844/jcssp.2020.1042.1062

Jabar, J. M., Hidayat, R., Samat, N. A., Rohizan, M. F. H., Rosdin, N. ‘Ain, Salim, N., &
Norazhar, S. A. (2022). Augmented Reality Learning in Mathematics Education: A

14



Elementary Mathematics Education Journal 2025, Vol. 7, No. 1
ISSN 2694-8133

Systematic Literature Review. Journal of Higher Education Theory and Practice, 22(15).
https://doi.org/10.33423/jhetp.v22i15.5570

Korenova, L., Severini, E., & Cavojsky, 1. (2023). The Use of Augmented Reality in the After
School Club From the Point of View of Future Educators. In: INTED2023 Proceedings,
5254-5263. https://doi.org/10.21125/inted.2023.1360

Liptak, J. (2023). Rozsirena realita vo vol'nocasovej matematickej edukacii ocami Studentov
predprimarnej a primarnej pedagogiky. Elementary Mathematics Education Journal, 5(2),
17-24. Dostupné z: https://emejournal.upol.cz/Issues/Vol5No2/Vol5No2 Liptak.pdf

Liptak, J. (2024). Analyza moznosti implementacie rozsirenej reality do kurzu Rekreacna
matematika. In: B. Hlebova & V. Piskura (Eds.), Transformacia edukacie v predprimarnom,
primarnom a Specialnom vzdelavani v 21. storoc¢i (418—426). Presov: PreSovska univerzita
v PreSove. Dostupné z: https://www.pulib.sk/web/kniznica/elpub/dokument/Hlebova4

Masneri, S., Dominguez, A., Zorrilla, M., Larrafiaga, M., & Arruarte, A. (2022). Interactive,
Collaborative and Multi-user Augmented Reality Applications in Primary and Secondary
Education. A Systematic Review. JUCS - Journal of Universal Computer Science, 28(6),
Article 6. https://doi.org/10.3897/jucs. 76535

Mokris, M., Simé¢ikova, E., & Tomkova, B. (2023). Riesenie rovnic v priprave ucitel'ov
elementaristov. Elementary Mathematics Education Journal, 5(2), 25-33. Dostupné z:
https://emejournal.upol.cz/Issues/Vol5No2/Vol5No2 Mokris-Simcikova-Tomkova.pdf

Mokris, M., Siméikova, E., & Tomkova, B. (2024). Jednoduché priestorové geometrické utvary
v prostredi technoldgie rozsirenej reality. In: B. Hlebova & V. Piskura (Eds.), Transformacia
edukdcie v predprimarnom, primarnom a specialnom vzdelavani v 21. storoci (427-431).
PreSov: PreSovska univerzita v PreSove. Dostupné z: https://www.pulib.sk/web/kniznica/
elpub/dokument/Hlebova4

Nocar, D., & Zdréhal, T. (2016). Efektivita softwaru dynamické geometrie pti samostudiu na
pfiklad€ jednoho geometrického konceptu. Trends in Education, 9(1), 198-204.
https://doi.org/10.5507/tvv.2016.027

Pridavkova, A. (2022). Technoldgia rozsirenej reality a rozvoj matematickych schopnosti.
Elementary  Mathematics  Education  Journal, 4(1), 53-63. Dostupné¢ z:
https://emejournal.upol.cz/Issues/Vol4No1/Vol4Nol Pridavkova.pdf

Pridavkova, A. (2023). Analyza prac Studentov v kontexte zaradenia technoldgie rozsirenej
reality do matematickej edukécie. Elementary Mathematics Education Journal, 5(2),
53-66. Dostupné z: https://emejournal.upol.cz/Issues/Vol5No2/Vol5No2 Pridavkova.pdf

Saundarajan, K., Osman, S., Kumar, J. A., Daud, M. F., Abu, M. S., & Pairan, M. R. (2020).
Learning Algebra using Augmented Reality: A Preliminary Investigation on the
Application of Photomath for Lower Secondary Education. International Journal of
Emerging Technologies in  Learning (iJET), 15(16), Article 16.
https://doi.org/10.3991/ijet.v15116.10540

Wossala, J. (2023). Zasada nazornosti v matematice s vyuzitim programu Geogebra.
Elementary  Mathematics  Education  Journal, 5(2), 77-86. Dostupné z:
https://emejournal.upol.cz/Issues/Vol5No2/Vol5No2 Wossala.pdf

Yousef, A. M. F. (2021). Augmented reality assisted learning achievement, motivation, and
creativity for children of low-grade in primary school. Journal of Computer Assisted
Learning, 37(4), 966-977. https://doi.org/10.1111/jcal.12536

15



Elementary Mathematics Education Journal 2025, Vol. 7, No. 1
ISSN 2694-8133

IMPROVING CONCEPTUAL UNDERSTANDING IN GEOMETRY
THROUGH MULTIMEDIA INSTRUCTION: EVIDENCE FROM
A QUASI-EXPERIMENTAL STUDY

Emmanuel AMOAH

Catholic University of Ghana, Faculty of Computing, Engineering and Mathematical Sciences
(Ghana)

emmanuel.amoah@cug.edu.gh

Abstract

This study evaluated the effectiveness of a computer-based educational package on
improving pupils’ understanding of geometry at Grade 8 students. A quasi-experimental design
was employed, involving pre- and post-test assessments across experimental and control
groups. Descriptive statistics indicated a substantial increase in mean scores from pre-test
(M = 3.69, SD = 2.96) to post-test (M = 7.75, SD = 1.77). Normality testing using Shapiro-
Wilk revealed significant deviations from a normal distribution (p < .001), warranting the use
of both parametric and non-parametric analyses. A paired sample t-test showed a significant
improvement in post-test scores (t(149) =-21.21, p <.001), a result confirmed by the Wilcoxon
Signed-Rank Test (Z = -10.98, p < .001), demonstrating the robustness of the intervention’s
effect. However, independent t-test and Mann-Whitney U analyses showed no statistically
significant difference between experimental and control group post-test scores. Despite this, the
within-group comparison clearly highlighted the intervention’s effectiveness. These findings
underscore the potential of integrating computer-based instructional tools into the teaching of
geometry to foster deeper understanding and learner engagement in junior high mathematics
education.

Keywords: Geometry learning, computer-based instruction, educational intervention,
mathematics achievement, quasi-experimental design

Introduction

Mathematics, often viewed as the foundation of scientific inquiry and technological
progress, plays a critical role in both individual and national development (Chesimet et al.,
2016; Kurumeh, 2006). As a discipline, it equips learners with the ability to engage in abstract
thinking and problem-solving, making it indispensable to modern education. Iji (2007)
emphasized that no nation aspiring for growth in science and technology can afford to overlook
the importance of mathematics.

Despite its value, students frequently exhibit fear and aversion toward mathematics,
leading to a lack of interest and consistently poor performance—particularly in topics like
geometry and mensuration (Kurumeh, 2007). These concerns have been echoed in reports such
as the West African Examinations Council (WAEC) Chief Examiner’s Report, which highlights
persistent low achievement levels and diminished student motivation in mathematics (Achor et
al., 2015).

Geometry, a core strand of mathematics, is central to developing learners’ critical thinking,
problem-solving, and reasoning abilities (Pittalis & Christou, 2010). It bridges various
mathematical domains and enhances visualization, conjecture, logical reasoning, and proof
skills, especially among pre-service mathematics teachers (Dimla, 2018). Fujita and Jones
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(2002) categorized geometric reasoning into three cognitive dimensions: visualization,
construction, and deductive reasoning. However, the abstract nature of geometric concepts
often presents challenges to learners, hindering the development of effective reasoning skills
(Jones, 2002).

To mitigate these challenges, instructional tools and learning resources that present realistic
and relatable problems can enhance students' engagement and comprehension (Komalasari,
2012). Learning materials that are well-structured and pedagogically sound not only improve
classroom clarity but also foster positive learning experiences (Hasibuan et al., 2019).
Multimedia learning packages, in particular, have been shown to increase achievement by
making abstract concepts more accessible and engaging (Sawangsri, 2016). Supporting this,
Smith and Jones (2015) reported significant improvements in students’ mathematical
performance when structured learning materials were utilized compared to traditional teaching
approaches.

Given these insights, the present study aims to evaluate the effectiveness of a learning
package specifically designed to support Grade 8 students’ understanding of geometry. By
addressing known barriers to engagement and comprehension, this study seeks to contribute to
the development of more effective instructional practices in mathematics education.

2. Methodology
2.1. Research Design

This study employed a quasi-experimental research design using a pre-test and post-test
control group model to examine the effectiveness of an educational computer package in
improving the understanding of geometry among grade 8 pupils of Manyhia D/A in the Bono
Region of Ghana. This design was chosen because it allows for comparison between groups
while accounting for initial group equivalence through pre-testing, even though random
assignment to groups was limited due to educational setting constraints.

2.2. Population and Sample

The target population comprised grade 8 pupils of Manyhia D/A in the Bono Region of
Ghana. A total of 150 pupils participated in the study. Participants were selected using
purposive sampling, ensuring that those selected had no prior exposure to the computer-based
geometry content and had similar academic performance levels based on their previous
mathematics results.

2.3. Grouping and Matching Procedure

The pupils were matched in pairs based on prior mathematics scores to ensure
comparability in ability levels. Each pair was then randomly assigned to either the control group
or the experimental group. The experimental group (n = 103) received geometry instruction
using the educational computer package, which incorporated interactive geometric designs and
visual illustrations. The control group (n = 47) received conventional classroom instruction
using textbooks and chalkboard methods.

2.4. Research Instruments

The primary research instrument used was a geometry achievement test, developed by the
researcher in consultation with mathematics educators and aligned with the Grade
8 mathematics curriculum. The test was composed of objective and structured questions
designed to measure pupils’ conceptual understanding of geometry. The same test was
administered before (pre-test) and after (post-test) the intervention to both groups to track
progress and learning gains.
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2.5. Intervention Procedure

The intervention was carried out over a period of four weeks. During this period, both
groups received the same geometry content. However, while the control group learned through
traditional instruction, the experimental group was taught using the computer-based educational
package. The package included dynamic visualizations and interactive tasks designed to
enhance learners’ spatial reasoning and understanding of geometrical concepts.

2.6. Data Collection Procedure

Pre-tests were administered to both groups at the beginning of the study to establish
a baseline for comparison. Following the four-week instructional period, post-tests were
administered to measure the learning outcomes of each group. All test scores were recorded
and compiled for analysis.

2.7. Statistical Analysis

In order to evaluate the effectiveness of the educational computer package on improving
grade 8 pupils' understanding of geometry, both parametric and non-parametric statistical tests
were used. These tests assessed the difference between pre-test and post-test scores within and
between groups.

2.7.1. Parametric Tests
2.7.1.1. Paired Samples t-test

This test was used to compare pre-test and post-test scores within the same group to
determine whether there was a significant improvement in performance over time.

Hypotheses:
o Null Hypothesis (Ho): There is no significant difference between the pre-test and post-
test scores.

H,: ug =0 (No mean difference)

o Alternative Hypothesis (H.): There is a significant difference between the pre-test and
post-test scores.

Hi:ug #0

Formula:
d

L= Sd/\/n

e d= Mean of the differences between paired scores
e S, = Standard deviation of the differences
e n = Number of pairs
e t = t-statistic
2.7.1.2. Independent Samples t-test

This test was applied to compare post-test scores between experimental and control groups.
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Hypotheses:

o Null Hypothesis (H,): There is no significant difference in post-test scores between the
control and experimental groups.

Ho: ph=

e Alternative Hypothesis (H;): There is a significant difference in post-test scores
between the two groups.

Hytpg # 1y

Formula:
X1—X; g2 — (n1—-1)Sf+(n,—1)S7
— 4=
2, 1 ni+n,—2
Sd(nrnz)

t =

Where:
e X;,X, =Means of group 1 and 2
e S; =Pooled variance
e 14,1, = Sample sizes of the two groups

2.7.2. Non-Parametric Tests

Due to violations of normality assumptions (as shown in the Shapiro-Wilk and
Kolmogorov-Smirnov tests), non-parametric tests were also used to validate findings from the
parametric tests.

2.7.2.1. Wilcoxon Signed-Rank Test

Used to compare pre-test and post-test scores for the same group without assuming normal
distribution.

Hypotheses:

e H,: The median difference between paired scores is zero.
e Hj: The median difference is not zero.

Test Procedure:
1. Calculate the difference d; = X,05t — Xprea
Rank the absolute values |d;|
Assign signs to ranks based on direction of difference
Calculate the sum of positive and negative ranks
The test statistic W is the smaller of the two rank sums

nhwS

2.7.2.2. Mann-Whitney U Test

Used to compare post-test scores between the experimental and control groups without
assuming normality.

Hypotheses:

e H,: The distribution of scores is the same across groups.
e Hj: The distributions are different.
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Formula:
ny(ny +1)

U = n1n2 2

Ry

Where:
e n4,n, = Sample sizes
e R; =Sum of ranks for group 1

A Z transformation can be applied to standardize U for significance testing:

— U—uy
Ou

Z

Where:

nqny
U

nin, (n1 +n2+1)
* Ou= 12

2.8. Tests of Normality

To determine whether parametric tests were appropriate, the Kolmogorov-Smirnov and
Shapiro-Wilk tests were conducted:
o Both tests returned significant p-values (< 0.05) for pre-test and post-test scores,
indicating non-normal distributions.
o This necessitated the use of non-parametric tests as confirmatory measures.

2.9. Statistical Software

All statistical analyses were performed using SPSS (Statistical Package for the Social
Sciences) Version 25. Both descriptive and inferential statistics were computed, and
significance was interpreted at the 5% level (p < 0.05).

3. Results
3.1. Descriptive Statistics
3.1.1. Distribution of respondents

The participants’ ages range from 12 to 15 years, with a mean age of 13.56 years and a
standard deviation of 0.871, indicating a fairly tight age distribution. The skewness is
approximately 0 (-.001), suggesting a symmetric distribution, while the kurtosis is -0.667,
implying a distribution that is slightly flatter than normal.

The sample consists of 150 students, with 68.7% being male and 31.3% female. This shows
a significant gender imbalance, with more than twice as many male students as female.

Table 1: Descriptive Statistics for Age and Sex

Variable N Min Max Mean Std. Dev. Skewness Kurtosis Distribution (%)
Age (years) 150 12 15 13.56 0.871 -0.001 -0.667
Sex 150 Male: 68.7%, Female: 31.3%
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3.1.2. Descriptive statistics for the pre-test and post-test scores

Descriptive statistics for the pre-test and post-test scores are summarized in Table 2. The
mean score before the intervention was 3.69 (SD = 2.96), while the post-test mean increased
significantly to 7.75 (SD = 1.77). Skewness and kurtosis values indicate a moderate deviation
from normality.

Table 2: Descriptive Statistics for Pre-test and Post-test Scores

Measure Min Max Mean Std. Dev Skewness Kurtosis
Pre-test 0 10 3.69 296 0.70 -0.52
Post-test 4 10 7.75 1.77 -0.26 -0.72

3.2. Normality Testing

The Shapiro-Wilk and Kolmogorov-Smirnov tests (Table 3) show significant p-values
(p <.001), indicating that both pre-test and post-test scores significantly deviate from a normal
distribution. This justified the use of both parametric and non-parametric methods for
validation.

Table 3: Tests of Normality

Variable Test Statistic df Sig.
Pre-test Shapiro-Wilk .856 110 .000
Post-test Shapiro-Wilk .887 110 .000

3.3. Paired Sample Comparison

A paired sample t-test revealed a significant improvement in scores from pre- to post-test
M=-4.07,SD=2.35,t(149) =-21.21, p <.001), suggesting that the intervention significantly
enhanced students’ understanding.

To account for the non-normality, a Wilcoxon Signed-Rank Test was conducted. The result
also confirmed a statistically significant increase in scores (Z = -10.98, p < .001), thus
reinforcing the conclusion that the intervention was effective.

Table 4: Parametric and Non-Parametric Tests for Pre-Post Difference

Test Type Test Statistic df p-value Conclusion
Paired t-test t=-21.21 149 .000  Significant
Wilcoxon Signed-Rank Z =-10.98 .000  Significant

3.4. Group Comparison: Experimental vs Control

Independent t-test results showed no statistically significant difference between post-test
scores of the two groups (t (148) = .437, p = .662). Equal variance was not assumed due to
Levene’s test (F = 14.85, p <.001). Similarly, the Mann-Whitney U test yielded U = 2283.5,
p = .619, affirming that the group differences were not statistically significant.

21



Elementary Mathematics Education Journal 2025, Vol. 7, No. 1
ISSN 2694-8133

Table 5: Comparison of Post-Test Scores between Groups

Group N Mean SD Test Statistic  p-value Conclusion
Group 1 103 7.80 1.96 t-test (equal var) t= .437 .662  Not Significant
Group 247 7.66 1.27 Mann-Whitney U U =2283.5.619  Not Significant

4. Conclusion

The findings of this study provide substantial evidence that the use of an educational
computer package significantly improves pupils’ understanding of geometry at the Basic Five
level. The paired samples t-test revealed a statistically significant increase in post-test scores
compared to pre-test scores, with a mean difference of -4.067 (p < 0.001), indicating marked
improvement in performance after the intervention. Furthermore, the results of the non-
parametric Wilcoxon Signed-Rank Test confirmed the statistical significance of this
improvement, reinforcing the reliability of the findings despite slight deviations from normality
in the data distribution. While the independent samples t-test showed no statistically significant
difference between the two groups (control and experimental), the within-group analysis clearly
demonstrated that students benefited more when exposed to the computer-based instructional
method. The implication of these results is that incorporating interactive, visual learning tools
into the teaching of geometry can enhance conceptual understanding and engagement among
primary school pupils. The integration of technology in mathematics instruction should
therefore be considered a valuable strategy for curriculum improvement in basic education.

Ethical Considerations

Approval was obtained from the school authority and consent was secured from parents
and guardians of the participating pupils. Participants were informed about the purpose of the
study, and confidentiality of their information was guaranteed. Participation was voluntary, and
pupils were allowed to withdraw at any stage of the study without any penalty.
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Abstrakt

Prispévek je vénovan piipravé budoucich ucitelli matematiky a obsahuje témata vhodna
k rozvijeni a roz§ifovani jejich znalosti. Pfispévek obsahuje dva feSené problémy ze zahrani¢ni
matematické soutéze Putnam exam (problém vyvazenych trojic a Josephustiv problém). Pii
jejich feseni vyuzijeme mj. dvojkovou pozi¢ni ¢iselnou soustavu.

Kli¢ova slova: dvojkova soustava, rekurentni vztah, induktivni postup, iracionalni ¢islo.

NUMBERS THEORY IN PROBLEMS TEACHING

Abstract

The article is devoted to teaching of future teachers of Mathematics and deals with some
topics for deepening and enlarging of their knowledge. The article contains two solved
problems from the international Mathematics competition Putnam Exam (problem of
harmonious triads and Josephus problem). While solving these problems also the binary number
system is used.

Keywords: binary system, recurrence relation, inductive method, irrational number.

1. Uvod

V soucasné dobé dochdzi v obsahu vyuky na zakladnich Skolach k vyznamnym
zménam, které se tykaji rovnéz vyuky matematiky. Na tuto skute¢nost musi odpovidajicim
zpuisobem reagovat piiprava nejen budoucich uéiteld matematiky na 2. stupni ZS, ale
1 budoucich ucitelt 1. stupné zédkladni Skoly. V matematice je nutné kromé zédkladniho uciva
a potiebného nadhledu k nému poskytovat studentim dal$i témata, kterd nejsou pfilis
vzdalena od osnov $kolské matematiky a kterd mohou rozvijet jejich matematické znalosti
a dovednosti. Soucasné€ je nutné seznamovat studenty s moznostmi pro zdjmovou ¢innost
v matematice a s riiznymi typy matematickych soutézi, a to i na 1. stupni ZS. V tomto
prispévku jsou obsazeny dva feSené problémy ze zahrani¢ni matematické soutéZze Putnam
exam. Tato soutéz Williama Lowella Putnama se poprvé konala v roce 1938 a kazdoro¢né
se ji zucCastiuji zajemci z fad student vysokych Skol v USA a v Kanad¢. Je to naro¢na
soutéz, trvajici Sest hodin. Je rozdélena na dvé ¢asti po tfech hodinach, pficemz v kazdé
Casti fesi studenti Sest problému. Oba problémy, které jsou obsahem tohoto piispévku, maji
tematicky spolecné to, Ze pfi jejich feSeni vyuzijeme dvojkovou pozi¢ni ¢iselnou soustavu.
Ptevody zapisi Cisel z desitkové do dvojkové soustavy a naopak povazujeme za zndmé,
stejné jako ¢iselny obor realnych ¢isel. Oba uvedené problémy jsou pifevzaty z publikace
L. C. Larsona (Larson, 1990), o Josephusové problému je mozno nalézt podrobné;jsi
informace v ¢lanku P. Pavlikové (Pavlikova, 2012) i na www-strankach (Weisstein, 2017).
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2. Problém vyvazenych trojic

Zadani problému: Usporadana trojice (x1, x2, x3) kladnych iraciondlnich ¢isel s vlastnosti
x1 + x> + x3 =1 se nazyva vyvazena trojice, jestlize x; < %, i=1,2,3. Neni-li trojice vyvazena,
tj. existuje prave jeden index j € {1, 2,3} s vlastnosti x; > % (¢isla jsou iraciondlni), provedeme
vyvazovaci operaci V' definovanou takto:

V (x1, x2, x3) = (01, 2, ¥3), kde y; = 2x; v piipad€ i #j, y; = 2x; — 1.

Neni-li trojice (y1, 2, ¥3) vyvazena, provedeme tutéz vyvazovaci operaci znovu. Vede vzdy
tento proces po kone¢ném poctu vyvazovacich operaci V' k vyvazené trojici?

Reseni problému: Uvodem poznamenejme, Ze po kazdém provedeni vyvaZzovaci operace
V bude vzdy platit y1 + y2 + y3 = 1. Bez 4jmy na obecnosti predpokladejme % <x3< 1.
Z ptedpokladu x1 + x2 + x3 = 1 plyne 2x1 + 2x2 + 2x3 = 2, odkud plyne platnost rovnosti

2x1 + 2x2+ (2x3— 1) = 1. S ohledem na definici operace V dostdvame y1 + y> + y3 = 1.
Vyuzijeme dvojkovou soustavu. Cisla x1, x2, x3 vyjadiime ve tvaru:

x1=0,aiaxas ..., x2=0,b1b2b3..., x3=0,c1c2¢3 ... . (D)

kde vSechny cifry a;, b;, c;, i € N jsou bud'to 0 nebo 1. Je-li trojice (x1, x2, x3) vyvaZend, tedy
xi < %, i =1, 2,3, musi nutn¢ platit a1 = b1 = c1 = 0 (nebot’ tato cifra odpovida v kazdém
z r0zvojii mocning 27! = %). Neni-li vyvazend, pak u ¢isla vétsiho nez 0,5 je za desetinnou
carkou Ccislice 1. Nyni ur¢ime, jak se zméni dvojkové zapisy (1) po provedeni vyvazovaci
operace V. Protoze cifry v zapisech danych ¢&isel (1) odpovidaji mocninam 27!, 272,273 24
je ztejmé, Ze nasobeni daného Cisla dvéma vede k posunuti desetinné ¢arky o jedno misto
doprava. V ptipad¢, ze je Cislo mensi nez %, zustava u néj pred desetinnou ¢arkou cislice 0.
Je-li ¢islo vétsi nez % a men$i nez 1 (podle zadani), pak se objevi po vyndsobeni dvéma pied
desetinnou ¢arkou cislice 1. Podle definice vyvazovaci operace V se vSak v tomto ptipadé
¢islo 1 odecita. Provedeni vyvazovaci operace tedy u vSech Cisel dané trojice (1) znamena
posunuti desetinné ¢arky o jedno misto doprava a nahrazeni ¢islice 1 pfed desetinnou ¢arkou
¢islici 0. Plati tedy:
vi=0,aaas.., 2=0,b2b3bs..., x3=0,c2¢3¢4 ... .

Postupné provadéni operace V' pak znamena postupné posouvani desetinné Carky
doprava. Problém se nyni redukuje na zjiSténi, zda po kone¢ném poctu vyvaZzovacich operaci
musi nastat pfipad, kdy vSechna ¢isla ve trojici budou mit soucasné€ prvni €islici za desetinnou
¢arkou rovnu nule. UkaZeme na ptikladu, Ze tato situace vzdy nastat nemusi. Pro dal$i Givahy
je nutno si uvédomit, Ze vzhledem k zadéani (vSechna cisla jsou kladnd iracionalni) musi byt
rozvoje danych cisel v pivodni trojici (1) nekone¢né a neperiodické. Pro konstrukci
protiptikladu ukazujictho mozZnou nekonec¢nost procesu vyvazovani vyuzijeme podminku
x1+x2 +x3 = 1. Soucet jedna lze dosahnout napft. tak, ze ve vyjadreni (1) musi byt pro kazdy
index i € N pravé jedno z Cisel a;, b;, c; rovno 1 a zbylé dvé rovny 0. Po rozvinuti souctu

x1+ x2+ x3 = 1 ve dvojkové soustavé dostaneme za t&chto podminek &islo 0,1 =0,11111...,
které je v desitkové soustavé rovno jedné. Ptiklad vychozi trojice Cisel (1) lze zvolit napf.
takto: Necht a; = 1, pravé kdyz Cislo i je liché prvocislo, v ostatnich ptipadech necht a; = 0.
Necht’ déle Cislo b; = 1, prave kdyz ¢islo i — 1 je liché prvocislo, v ostatnich ptipadech necht’
b; = 0. Nakonec necht’ ¢; = 1, pravé kdyz a; + b; = 0, v ostatnich ptipadech necht ¢; = 0. Zadna
dvé licha prvocisla nenéasledu;ji v fetézci ptirozenych ¢isel bezprostiedné po sobé, proto nikdy
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nemohou byt ¢isla a;, b; pro Zadny pfirozeny index i soucasné€ rovna jedné. Protoze prvocisel
je nekonecné mnoho a jejich rozlozeni v fadé ptirozenych Cisel je zcela nepravidelné, nemuze
byt pti dané volbé indexi zadny z rozvoji ve vyjadieni (1) periodicky. Vychozi trojici ¢isel
volime tedy takto:

x1=0,0010101000101000101000100000101000001000... ,
x2=0,0001010100010100010100010000010100000100... ,
x3=0,1100000011000011000011001111000011110011... .

Z provedenych uvah plyne, Ze tato trojice ¢isel neni vyvazena a proces vyvazovani provadény

postupnymi iteracemi operace ¥ nikdy nemtze skoncit vyvazenou trojici, nebot’ pti postupném

posouvani desetinné carky o jedno misto doprava vzdy bude pravé jedno z ¢isel mit hned za
. w NPT coxr o 1

desetinnou carkou ¢islici jedna, a tedy bude vétsi nez e

3. Josephusuv problém

Obecni formulace: Necht k, n € N, 2 < k< n. Cisla 1, ..., n rozmistime v pfirozeném
usporddani po obvodu kruhu (napf. proti sméru hodinovych ruci¢ek). Prvnich A—1 Cisel
ponechdme beze zmény, pak odstranime ¢islo 4, dale postupné proti sméru hodinovych rucicek
odebirame kazdé k-té Cislo z téch, kterd jesté zlstala. Proces odebirani ¢isel konci, jakmile na
obvodu kruhu ziistane méné nez k Cisel. Oznaéme L(n, k) mnozinu téchto zbylych prvka.
Problémem je urcit vyctem nebo néjak charakterizovat prvky této mnoziny.

Poznamenejme, Ze pro k = n je problém trividlni; mnozina zbylych prvkl L(n, k) ma vzdy
k-1 prvk.

Nyni uvedeme historicky tvod k problému (ptfevzato z Pavlikova, 2012, str. 275).

Josephus Flavius, vlastnim jménem Joséf ben Mattatjah, se narodil v roce 37 n. .
v Jeruzalémé. Pochazel z vysoce postavené rodiny. Jiz od raného mladi byl velmi vzdélany,
mél prehled o Zidovské, recké i Fimské kulture. Kdyz vypuklo Zidovské protirFimské povstani
v Galilei, byl jmenovan jednim z hlavnich velitelii. Proti presile, vedené vynikajicim
Fimskym vojeviidcem Vespasianem, vsak Zidé neméli nejmensi Sanci. V cervenci roku
67 n. 1. byl Josephus spolu se ctyriceti svymi bojovniky obklicen rimskou armadou v vukrytu
pobliz pevnosti Jotapata. Jeho vojdaci se rozhodli vyhnout se zajeti tim, Ze si vezmou Zivot.
Josephus ovsem nesouhlasil a tak na jeho navrh losovali s tim, Ze dalsi vylosovany zabije
predchoziho vylosovaného, a tak budou postupovat tak dlouho, dokud neziistane nazivu jen
posledni z nich, ktery spacha sebevrazdu. O samotném mechanismu losovani nemame
a svého pritele premluvil, aby se spolecné vzdali Rimaniim. Zda jeho preziti bylo dilem
stesteny, projevem bozi vile nebo vysledkem jeho vychytralosti, dnes miizeme pouze
spekulovat.

Pravdépodobné prvni, kdo popis losovani mezi Josephem a jeho muZi okofenil legendou
o rozestaveni 41 muzt do kruhu a jejich postupnou eliminaci, byl Girolamo Cardano (1501—
1576). V jeho spise Practica arithmetice et mensurandi singularis z roku 1539. Za jeden
z prvnich pokusti o ryze matematicky nahled do problematiky rozpocitavacich uloh Ize oznacit
praci Leonharda Eulera (1707—-1783) z roku 1776 (Euler, 1776).

Formulace Josephusova problému z matematického hlediska podle jednoho
z internetovych zdroju je nasledujici (Weisstein, 2017). Josephus byl spole¢né se svymi 40
spolubojovniky uvéznén v jeskyni a obklicen fimskym vojskem. Rad¢ji nez zajeti se rozhodli
volit dobrovolnou sebevrazdu, pficemz postup svého sebezniceni provedli v potadi, které
Josephus navrhnul. VSichni se postavili na obvod kruhu a oc¢islovali se ¢isly od 1 do 41. Kazdy
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tteti potom vzdy postupné volil smrt. Bojovnici ovSem netusili, ze Josephus se svym
nejveérnéj$im pritelem zaujali takova dvé mista v kruhu bojovniki, aby nakonec ziistali zivi
pravé jen sami dva. Jim se nakonec po jejich piidani k Rimantim podafilo zachranit. V fedi
matematiky se jedna o vySe popsany problém pro vychozi hodnoty n = 41, k = 3. Postup
sebevrazd bojovnikd a umisténi Josephuse a jeho pritele ukazuje nasledujici obrazek 1
(Weisstein, 2017).

31 @5 S - 2
6 49 3 1
- ’-l 2 36
7 ey
19 23 41 23
24 40 29
8 a3 39
35 26 38 B
9 =29 3577 11
30 72134 2
20, 313233 2o 12

Obrazek 1. Josephusiv problém pron =41, k=3

Na wvnitini kruznici je zobrazeno ptivodni rozmisténi Cisel od 1 do 41, ¢isla na vn&jsi
kruznici vyjadiuji, kolikaty v potadi bude takto oc¢islovany bojovnik odstranén. Zakrouzkovana
¢isla 16 a 31 na wvnitini kruznici po odebrani vSech ostatnich zlstanou (oznacuji pozice
Josephuse a jeho pfitele).

Nyni se budeme vénovat feSeni popsaného problému. ProtoZe pro & > 2 je feSeni pomérné

slozité a pti ur€ovani L(n, k) se vyuziva komplikovanych rekurentnich vztahii (Pavlikova 2012),
omezime se s ohledem na didakticky tcel tohoto piispévku na ptipad pro k = 2. Z obecné
formulace plyne, ze na kruhu v tomto piipad¢ zlstane nakonec jediny prvek. Z didaktickych
divodt uvedeme nyni upravenou formulaci problému.
Zadani problému: Cisla 1, 2, ..., n rozmistime v pfirozeném uspoiadani po obvodu kruhu (proti
sméru pohybu hodinovych rucicek). Potom odstranime ¢islo 2 a postupné proti sméru pohybu
hodinovych ruc¢icek odebirame kazdé druhé ¢islo z téch, kterd jesté zistala. Necht f(n) oznacuje
posledni Cislo, které zlistane na kruZnici. Naleznéte funkéni pfedpis pro hodnotu f{(n).

Nyni se tedy budeme zabyvat nalezenim vztahu pro pfimy vypocet hodnoty f(n), viz napft.
(Pavlikova 2012), (Weisstein, 2017). Vyuzijeme induktivni postup. Hodnoty f(n) pro n¢kolik
prvnich hodnot z jsou uvedeny v tabulce 1:

Tabulka 1: Hodnoty f(rn) pron=1, ..., 16.

n 1 2 131456 | 7|89 (1011 |12]|13 |14 |15 ] 16
fn)| 1 1 3 1 3 (517 1 305|719 |11 |13 151

27



Elementary Mathematics Education Journal 2025, Vol. 7, No. 1
ISSN 2694-8133

Z tabulky lze usoudit na fakt, ze hodnota f{(n) je rovna jedné, pravé kdyz n je mocninou
¢isla dvé. Piijmeme-li tento fakt za ,,pracovni hypotézu*, je mozno v tabulce pozorovat dalsi
zakonitost. Je zfejmé, Ze pro kazd¢ ptirozené Cislo 7 je jednozna¢né urcena dvojice nezapornych
celych ¢isel m, k s vlastnosti n = 2™ + k, pfiCemz soucasné 0 < k < 2". Vyjadiime-li takto
piirozené Cislo n naseho problému, potom pro hodnotu f{n) plati vztah

fn) =2k+1. (2)
Vztah (2) 1ze dokazat matematickou indukci, viz napt. (Pavlikova 2012), (Weisstein, 2017).

Dalsi zajimavou otazkou nyni je, zda neexistuje vztah pro vypocet hodnoty f(n) ve tvaru
funkcniho predpisu zavisejiciho pouze na Cisle n (vztah (2) vyzaduje vyjadieni Cisla n pomoci
dalsich proménnych). Tento problém jiz nesouvisi s pivodnim problémem Flaviuse Josephuse,
ale jedna se o problém teorie délitelnosti, popt. teorie Cisel. V literature, napt. (Weisstein,
2017), 1ze nalézt feseni. Hledany vzorec je tvaru

fin) =2n+ 1 - 21+lig2nl 3)

kde [lg> n] oznacuje celou ¢ast redlného Cisla /g> n. Poznamenejme, Ze vztahy (2) a (3) jsou
ekvivalentni a davaji pro vSechna pfirozena ¢isla n stejné hodnoty. Dikaz je velmi snadny;
po dosazeni do vztahu (3) plati:

An)=2-2"+k)+ 1 — 21+1g2nd = 20+ 4 o 4+ | —21+[192n] = 2 + 1 nebot plati [Ig2 n] = m.

Nyni jiz méame k dispozici funkéni predpis (3), ktery urcuje Cislo, které zistane po
odstranéni vSech ostatnich na obvodu kruhu. Jako zajimavou aplikaci uvedeme nyni dvoji
mozné vyjadieni tohoto predpisu pro f(n) s vyuzitim dvojkové Ciselné soustavy (Larson, 1990).
Opét s ohledem na ucel prispévku uvedeme pouze feseni, dikaz Ize nalézt v literatute (Larson,
1990). Diikaz je pomé&rné obtizny a zejména u budoucich u¢iteli 1. stupné ZS by mohl vyvolat
1 negativni vztah k matematice.

Jak tedy rychle urcit ¢islo, které jako posledni z rozmisténych n ¢isel zlstane na kruZnici?
Staci ¢islo n rozvinout ve dvojkové soustavé a kazdy koeficient nula v tomto vyjadreni nahradit
pii vypoctu ¢islem —1.

Napt-.:
f17)=/10001)=16-8-4-2+1=3,
f(43)=/(101011)2=32-16+8-4+2+1=23.

Hodnotu f(43) ovéfime i podle vztahu (3). Vime, ze [lg 43] = 5, proto f(43) =86 + 1— 64 = 23.
Cislajsou z kruhu pro n =43 odebirana v tomto potadi: 2, 4, 6, 8, 10, 12, 14, 16, 18, 20, 22, 24,
26, 28, 30, 32, 34, 36, 38, 40,42, 1, 5,9, 13, 17, 21, 25, 29, 33,37, 41, 3, 11, 19, 27, 35, 43, 15,
31,7, 39.

Vyjadteni hodnoty f{(n) lze provést i jinym, velmi efektnim zptisobem. Cislo # vyjadiime
ve dvojkové soustave jako n = (ak ax-1...a1 ao)2. Hodnotu f{(n) 1ze pak urcit velmi jednoduchym
vyjadienim f(n) = (ak-1 ... a1 aoak)2, tj. prvni ¢islici zleva v zépise Cisla n presuneme na posledni
misto napravo a ostatni ponechame beze zmény. Podobné jako v desitkové soustavé ,,nuly
zleva® mizeme vynechat.

Napt-.:

A17) = f(10001)2 = (00011)> =(11)2 =3,
f(43) =f(101011)> = (10111), = 23.

Diikaz opét uvadét nebudeme, viz napi. Pavlikova, 2012. Oba zplsoby vyjadieni f(n)
pomoci dvojkové ¢iselné soustavy jsou ekvivalentni.
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4. Zavér

V prispeévku jsme demonstrovali feSeni dvou problému. Jednak problému vyvazenych
trojic a jednak tzv. Josephusova problému, kde jsme pro k£ = 2 podali feSeni, jak urcit vyslednou
hodnotu f{(n). Oba tyto problémy, stejné jako mnoho podobnych dalSich, na které v piispévku
nezbylo misto, pochazeji ze zahrani¢ni matematické soutéze Putnam Exam. I z toho je vidét, ze
vhodnost zadavani takovychto problému studentiim je nespornd. I kdyz studenti nenaleznou
uplné feSeni problému samostatné, myslenkové postupy pfi zkoumani zna¢nym zpiisobem
rozvijeji jejich matematické schopnosti. Soucasné si uvédomuji rizné souvislosti, kdy pfi feSeni
jednoho problému vyvstane nutnost fesit problém jiny. Pfi feSeni Josephusova problému pro
hodnoty k& = 2 jsme napt. upozornili na problémy ekvivalentnosti rtiznych vyjadieni hodnoty
f(n). Obtiznym problémem, zasahujicim i do oblasti vypocetni techniky, je feSeni Josephusova
problému pro £ > 2.
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Abstrakt

Prispévek ilustruje na konkrétnich vybranych ptikladech pojmii odborné matematiky, ktera
je souéasti ptipravy budoucich ugiteldi 1. stupné ZS, jejich p¥imé propojeni se $kolskou
matematikou. Demonstruje klicovost ditkkladného pochopeni vzajemné souvislosti mezi t€émito
dvéma paralelami pro kvalitni zptsobilost budouciho ugitele matematiky 1. stupné ZS. Tato
provazanost je pfiblizena prostfednictvim ukézek z vybranych ucebnic matemtaiky 1. stupné
ZS. Obsah odborné piipavy v matematickych predmétech budouciho uéitele 1. stupné ZS
a schopnost a dovednost jeho didaktického zpracovani v rdmci didaktiky matematiky 1. stupné
Z8 je dtlezitym piedpokladem pro pochopeni matematiky u zak®i a v navaznosti na to i pro
oblibenost tohto predmétu.

Kli¢ova slova: ucitel matematiky, matematické pojmy, matematické ucivo, zpisobilost ucitele

PROFESSIONAL TRAINING OF FUTURE MATHEMATICS
TEACHERS AT PRIMARY SCHOOL

Abstract

The paper illustrates, using specific selected examples of concepts of professional
mathematics, which is part of the training of future teachers of the first stage of primary schools,
their direct connection with school mathematics. It demonstrates the necessity of a thorough
understanding of the mutual connection between these two parallels for the high-quality
competence of a future teacher of the first stage. This direct connection is illustrated by
examples from selected textbooks of mathematics of the first stage. The content of professional
preparation in mathematical subjects of a future teacher of the first stage of primary schools
and the ability and skill of its didactic processing within the framework of mathematics
didactics of the first stage of primary schools is a necessary prerequisite for understanding
mathematics among pupils and, consequently, for the popularity of this subject.

Keywords: mathematics teacher, mathematical concepts, mathematical curriculum, teacher
qualification.

1. Uvod

Cilem piispévku je ilustrovat na konkrétnich vybranych oblastech odbornych
matematickych predméti, které jsou soudasti piipravy budoucich ugiteli 1. stupné ZS, jejich
pfimé propojeni se Skolskou matematikou. Demonstruje dileZitost diikladného pochopeni
vzajemne souvislosti mezi témito dvéma paralelami pro kvalitni zptisobilost budouciho u¢itele
1. stupné ZS.
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Tato provazanost je pfiblizena prostfednictvim ukazek z vybranych u¢ebnic matematiky
1. stupné ZS. Obsah odborné piipravy v matematickych piedmétech budouciho uéitele
1. stupné ZS aschopnost a dovednost jeho didaktického zpracovani vramci didaktiky
matematiky 1. stupnd ZS je vyznamnym piedpokladem pro pochopeni matematiky u zakda
a v ndvaznosti na to i pro oblibenost tohoto pfedmeétu.

Tento ptispévek je uréen pro vzdélavatele matematickych predméti budoucich ucitelt
1. stupné ZS a pro samotné studenty ugitelstvi 1. stupné ZS.

2. Ocekavané piedpoklady utitele matematiky 1. stupné ZS

Cil piipravy uéitelt 1. stupné ZS je zaméfen na osvojeni si znalosti a dovednosti v oblasti
pedagogiky, pedagogické psychologie a obecné didaktiky, tj. na pedagogickou zptlisobilost.
Tyto kompetence ziskavaji studenti ugitelstvi 1. stupné ZS pfislusnym studiem uéitelského
zaméteni. Svou odbornou zpusobilost pak ziskaji studiem odpovidajiciho oboru na vysoké
$kole, v nagem piipadé studiem matematickych predméti uréenych pro uéitelstvi 1. stupné ZS.

S ohledem na tuto skute¢nost a vzhledem k tématiim objevujicim se v u¢ivu matematiky
1. stupné ZS by mél byt budouci ugitel pfipraven orientovat se v odborné podstaté uciva
matematiky na 1. stupni ZS. V kontextu tohoto by mé&l ovladat a chépat tato témata: zaklady
vyrokové logiky, mnoziny a operace s nimi, kartézsky souc¢in mnozin, binarni relace v mnozing
a jeji vlastnosti (tyka se aritmetiky i rovinné a prostorové geometrie), relace ekvivalence
a uspotfadani, zobrazeni mnoZzin v aritmetice i v geometrii, algebraické operace a jejich
vlastnosti. V ndvaznosti na to by mé¢l mit osvojenou odbornou podstatu prirozenych ¢isel
z pohledu kardindlnich a ordindlnich ¢isel a prvkii Peanovy mnoziny. Budouci ucitel
matematiky 1. stupné ZS by mél rozumét vyse popsanym zakladim odborné matematiky
pottebnym k tomu, aby byl schopny didakticky spravné interpretovat ucivo Skolské
matematiky. Jeho znalosti by se mély vztahovat i k aktudlnimu obsahu uciva Skolské
matematiky, s ¢imz souvisi vhodné volba zpiisobu a vyvozeni nového matematického uciva
a vhodny vybér pfislusnych aktivit a didaktickych pomiicek. Budouci ucitel matematiky
1. stupné ZS by mél byt zaroveii obeznamen s tim, jaké vyukové metody pouZivat a jaké
matematické kompetence u zakli v této souvislosti rozvijet, aby byli schopni nad zadanou
ulohou samostatné pfemyslet, spravné ji vyfesit a prohluboval se u nich zajem o matematiku.

Teémito pozadavky je predurCena ucitelova schopnost a dovednost naucit zaky pouzivat
matematiku v fad¢ situaci, s nimiz se v zivot¢ setkaji. Ideélni je volba takové formy vyuky, aby
se pro zaky stala matematika radosti nikoli straSdkem.

Vyuka matematickych pfedméti by tedy méla vramci piipravy budoucich ucitelt
matematiky 1. stupné ZS sméfovat k témto tfem popsanym ciltim:

1. Studenti uéitelstvi 1. stupné ZS jsou sezndmeni s odbornou podstatou matematiky
1. stupné ZS a s porozuménim reflektuji jeji souvislost s béznymi situacemi redlného
Zivota.

2. Studentiim uéitelstvi 1. stupné ZS jsou predstaveny zptisoby spravného didaktického
vyuZiti této odborné podstaty ve vyuce matematiky na 1. stupni ZS.

3. Studenti jsou obeznameni s aktualnim obsahem uciva Skolské matematiky.

Domnivame se, Ze ziskani pozadované odbornosti u¢itele matematiky 1. stupné ZS je
podminéno splnénim téchto tifi popsanych cilli, pficemz porozuméni odborné podstaty
matematiky 1. stupné ZS je vychozim a propojujicim bodem pro cile nasledujici. Diisledek
chybgjiciho porozuméni odborné podstaty matematiky 1. stupné ZS ¢&i jejiho povrchniho
zvladnuti se mize projevit pozdéji v nedostate¢né odbornosti budouciho ucitele v tomto oboru
v kontextu s didaktickym uchopenim uciva skolské matematiky. Nasledek tohoto jevu se mtize

31



Elementary Mathematics Education Journal 2025, Vol. 7, No. 1
ISSN 2694-8133

odrazet v jejim nepochopeni a v jeji neoblibenosti u zakt 1. stupné ZS. V tomto momentd
prestava byt matematika pro zaky radosti.

Pojdme si nize na nékolika ptikladech pfiblizit souvislost a provdzanost odbornych
matematickych pojmt s uéivem $kolské matematiky 1. stupné ZS.

3. Souvislost mezi odbornymi matematickymi pojmy a ucivem Skolské matematiky
(aritmetika)

Déti predskolniho véku ziskavaji velmi brzy zkuSenosti se vzijemnymi vztahy mezi
riznymi objekty, poznavaji ptibuzenské vztahy mezi ¢leny rodiny matka — dité, bratr — setra,
mladsi — starsi apod. Rozhoduji, zda dané kostky maji stejnou (riznou) barvu, tvar ¢i velikost.
Vnimaji, ze jedno dit€¢ ma vice pastelek nez druhé, poméiuji se podle velikosti, pfi riznych
aktivitach vytvari dvojice dévce — chlapec, hrnecek — talifek, ntiz — vidlicka, zvife — mlad¢ atd.
Vytvareji tedy dvojice podle uréitého vztahu, tfidi predméty podle urcité vlastnosti,
usporadavaji predméty dle zadané dohody, pfifazuji objekty objektim (Blazkova, 2020; Fuchs
et al., 2015; Kaslova, 2012). Veskeré tyto vztahy jsou z odborného hlediska binarni relace
v mnoZiné, relace ekvivalence a uspoiadani, relace zobrazeni mezi mnozinami, pricemz
jejich prvky jsou ony uvazované usporadané dvojice.

Déti se uz v matetské Skole setkavaji s prirozenymi &isly. Na za¢atku 1. stupné ZS se u nich
vytvaii predstavy o ¢isle, uci se ¢isla zapisovat pomoci ¢islic, porovnavat je a operovat s nimi
(sCitani/od¢itani/ndsobeni/délent). Podstatou pojmu pfirozeného ¢isla je pojem kardinalniho
¢isla kone¢né mnoziny, ordinalniho ¢isla dobfe uspofddané kone¢né mnoziny ¢i prvku
Peanovy mnoZiny, piicemz ze vSech téchto tii pohledl jsou détem pfirozend ¢isla pfedstavena.
Z téchto divodi by mély byt tyto pojmy po teoretické strance budoucim ucitelim znamy
a soucasn¢ by je mé&l umét zpracovat pii zavedeni ptfirozenych cisel didakticky. Pro zminéné
teoretické pojmy je vSak nezbytnd piechozi znalost ekvivalentnosti mnoZin, usporadanych
mnoZin, pojem zobrazeni a jeho typy, binarni relace v mnoziné a jeji vlastnosti, kartézsky
soucin mnoZzin (Panacova & Beranek., 2020; Divisek et al., 1989; Coufalova, 2016; Novak &
Eberova, 1988; Hejny et al., 1990; Sedivy & Krizalkovic, 1990).

Na zagatku 1. roéniku ZS (&iselny obor do 5i) se Zaci uéi v tomto oboru piirozena &isla
porovnavat. V ramci této aktivity pracuji s nékolika typy zobrazeni z mnoZiny X do mnoZiny
Y, pficemz dle daného typu zobrazeni se pak rozhoduje, zda prvkll jedné mnoZiny je
vice/méné/stejné nez prvkllt mnoziny druhé. Tento jev je mozno interpretovat na ukazce
z ucebnice matematiky Potickové (2018) na obrazku 1.
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Obrazek 1. Ukdzka porovnavani ptirozenych ¢isel (Potickova, 2018).

Dal$im ptikladem zobrazeni z mnoZiny X do mnoZiny Y a ndstrojem pro porovnavani
pfirozenych ¢isel, které se uplatiluje v matematice od 1. ro¢niku, je zobrazeni ¢isel na ¢iselné ose.
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Ciselna osa je na 1. stupni ZS chapana jako polopiimka, pii¢emz pii zndzornéni mnoZiny
piirozenych cisel (véetn€ nuly) jde o prosté zobrazeni mnoziny ptirozenych c¢isel (véetné nuly)
do mnoziny bodii na poloptimce s poc¢atkem 0. Ukézka na obrazku 2 predstavuje ¢iselnou osu
(zndzornénou useckou) jako reprezentanta mnoziny piirozenych cisel od 0 do 1000, resp. do
500 (Blazkova et al., 2018).

19. Zapis cCisla vyznacena na ¢iselnych osach:

0 100 200 300 400 500 600 700 800 900 1000
0 100 200 300 400 500

| | 1 ! | 1
ANAAAAAAAARAARAAARAARAAARAAAAAAAAAARAARAAARARAAAAARAAR

Obrazek 2. Ukazka ¢iselné osy jako reprezentanta mnoZiny pfirozenych
¢isel od 0 do 1000, resp. do 500 (Blazkova et al., 2018).

V ramci porovnavani prirozenych cisel se zaci setkdvaji s relacemi usporadani,
nerovnosti a rovnosti a na zakladé¢ toho si osvojuji jejich vlastnosti: antireflexivitu,
antisymetrii a tranzitivitu, pfipadné reflexivitu, symetrii a tranzitivitu. Obsahem uciva 1. stupné
ZS jsou operace s piirozenymi &isly - s¢itani/odéitani, nasledné pak nasobeni/déleni. P¥i téchto
operacich zéci objevuji nékteré jejich vlastnosti, kdy u s¢itani a nasobeni pfirozenych Cisel se
jedna o komutativni a asociativni zdkon a o existenci tzv. neutralniho prvku. Ukazky na obrazku
3, resp. 4 vtipné reprezentuji komutativitu séitani ptirozenych ¢isel (Potickova, 2018), resp.
komutativitu nasobeni ptirozenych ¢isel (Bulin et al., 2007).

COID
e

CEEE
CIEEl)
CIEELE]
i999@\
CEEEIS)

5 fad po 4 buchtach _J X 4 fady po 5 bychtach

Vidime, 7e vym
rad se slou;;,yd, tig?/
Zaména ¢initely
nema viiv na vysiedex
Nhdsobeni. N3 plechy
Je porag stejny
Pocet buchet. ¥

4 +4+4+4+4 5+5+5+5

zapisujeme: 5 + 4 =20 zapisueme: 4 - 5 =20

Obrazek 4. Reprezentace komutativity nasobeni pfirozenych ¢isel (Bulin et al., 2007).
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Nékteré ze zminovanych vlastnosti operaci zaci nasledné vyuzivaji napiiklad pfi s¢itani
piirozenych Cisel s pfechodem ptes zaklad 10 s pouzitim rozkladu jednoho s¢itance na dvé ¢isla
a grafického zdznamu do desitkové tabulky (Blazkova et al., 1992; Blazkova, 2020; gedivy &
Krizalkovi¢, 1990):

8+6=8+(2+4)=(8+2)+4=10+4=14

Na obrazku 5 je ukazka z u¢ebnice matematiky Blazkové et al. (2018) reprezentujici vyuziti
asociativniho zakona pro séitani pfirozenych Ccisel spfechodem pies zaklad 10
prostifednictvim rozkladu druhého séitance.

11. S¢itani s prechodem pres desitku

68 + 25 zpaméti pocitame: nebo
68 + 25 = 68 + (20 + 5)
20 S 68 + 20 = 88 (68 + 20) + 5
88+ 5=93 88 +5=093
68 + 25 = 93 Zkouska: 25 + 68 = 93

Obrazek 5. Vyuziti asociativniho zdkona pro s¢itani ptirozenych Cisel (Blazkova et al., 2018).

Pti zavedeni operace ndsobeni a d€leni ptfirozenych ¢isel Zaci objevuji vlastnosti relace
délitelnosti. Zvladnou-li nasobilku dvéma, zavadi se s pojmy sudd a licha Cisla, a v této
souvislosti Zaci tFidi pfirozend ¢isla v daném oboru do dvou skupin (tfid), coz je generovano
relaci ekvivalence (dé€litelnost dvéma). Pozdé€ji mohou Zaci tfidit pfirozena ¢isla do dvou tfid,
napf. nasobky tii a ¢isla, kterd nejsou nasobky tii apod.

V souvislosti s nasobenim pfirozenych cisel si Zaci osvojuji a vyuZivaji znalosti
distributivniho zédkona o nasobeni pfirozenych €isel vzhledem ke s¢itani a vyuZivaji tohoto
zakona napftiklad pfi pamétném nasobeni dvojcifernych a jednocifernych ¢isel:

7-23=7-(20+3)=7-20+7-3=140+21=161

Na obrazku 6 je uk4zka z u€ebnice matematiky Blazkové et al. (2018) reprezentujici vyuZiti
distributivniho zdkona pro nésobeni pfirozenych ¢isel vzhledem ke s¢itani.

a) Honzik 4 fady po péti b) Honzik 4 fady po étyfech |
Jana 4 rady po tfech | Jana 4 rady po dvou
Znazornéni: 09600600 | Znazornéni: s b L

2090000 000 o000 0® 00
eecoc0 see | eeeo o0
o000 O® 0O o000 &0
8 ‘ 6 »
Poéitame:4.5+4.3= + = Pocitame:
nebo4.(5+3)=4.8= nebo: |

Vysazeli  sazenic jahod. Odpoveéd:

Vidime, Ze plati 4. (5 + 3) 4.5+4 3 Rikame, Ze jsme roznasobili soucet

Obrazek 6. Vyuziti distributivniho zdkona pro nasobeni pfirozenych Cisel vzhledem ke s¢itani
(Blazkové et al., 2018).
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Nelze opomenout, ze od samotného zacatku a nasledné¢ v pribéhu vyuky matematiky
1. stupné ZS Zaci pracuji s vyroky (pravdivymi i nepravdivymi), které maji matematicky obsah
a vyuzivajicimi zavedenou matematickou symboliku:

5+8=13 4-7=128 15>6 8=38 4<12

Paralelné s vyroky zéci pracuji s vyrokovymi formami jedné i vice neznadmych, které jsou
propedeutikou navazujiciho uciva o rovnicich:

3+[]=12 15-4=[] [J+[=11 6 -[]=18 []-[]=24 []<4

V kontextu viech vy$e zminénych oblasti udiva matematiky 1. stupné ZS Zaci pracuji
s mnoZinami. Se samotnym pojmem mnoZina se v u¢ivu matematiky na 1. stupni ZS
nesetkdme, ale mnoziny jsou prostfedkem, ktery zakiim umoziuje pochopit probiranou latku
a vSechny algebraické operace jsou vyvozovany pravé prostiednictvim mnozin (Blazkova et
al., 1992). Vyznamnym nastrojem pro zavedeni &isla nula v u¢ivu matematiky 1. stupné ZS je
predstava prazdné mnoziny (Panacova, 2024, s. 158), jak je vidét na obrazku 7.

NLLZAN L AN AN

Obrazek 7. Zavedeni ¢isla 0 jako kardindlniho Cisla prdzdné mnoziny (Panacova, 2024).

Vybranou ukazkou z u¢ebnice matematiky Potickové (2018) na obrazku 8 lze ilustrovat
zavedeni ¢isla 0 jako kardinalniho ¢isla prazdné mnoziny.

Z "if =
i Podiv ene
' . [ na potitadlo. Neni

~ \ 2ZVIA3tni? VZdyt
1 nema Zadnou
kulicku

12 [0/[1]]2 0l[12I3] [0[1]2][3] [0][1][2][3

3
L
~ ]
@D -~

()

Obrazek 8. Zavedeni &isla 0 v uéebnici matematiky pro 1. roénik ZS (Potiickova, 2018).

V této souvislosti je tedy Zadouci, aby budouci ugitel 1. stupné ZS ovladal veskeré zminéné
pojmy vcetné zaklada vyrokové logiky a “intuitivni” teorie mnoZin.
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4. Souvislost mezi odbornymi matematickymi pojmy a ucdivem Skolské matematiky
(geometrie)

V udivu geometrie 1. stupné ZS se Z4ci seznamuji se zakladnimi geometrickymi utvary,
jejich vlastnostmi a uci se je rysovat. Zaroven se u nich vytvaii spravné predstavy pojmil
geometrickych Gtvart, s nimiZ pracuji. Zaci operuji s rovinnymi ttvary — uéi se rysovat graficky
soucet, graficky rozdil isecek a tihli a graficky nasobek ptirozeného ¢isla a tsecky. Dale urcuji
délku usecky, obsah rovinného obrazce ¢i objem télesa, coz je zobrazeni mnoZiny
geometrickych titvarti do mnoZiny viech realnych &isel. Zaci 1. stupné ZS se déle seznamuji
s vybranymi typy shodnych zobrazeni, mezi které patii osova a stredova soumérnost. Ukéazka
osové soumérnosti z ucebnice matematiky od Potickové (2012) je na obrazku 9.

Soumeérnost
Jooooo] ) — 00—

| Pomﬁcky: Nuzky, papir, zrcatko, procvic. sesit €. 2, str. 35. 1

3 oL

Pozorujte obrazek srdicka.
Obé jeho poloviny jsou stejné.
Je soumérny podle osy soumérnosti.

Obrazek 9. Ukazka z uiva o osové soumérnosti v ucebnici matematiky (Potiickova, 2012).

Pojem prinik mnozin je v geometrii interpretovan jako prisecik dvou ptimek, prisecik
pfimky a kruZnice ¢i prisecik dvou kruznic, s nimiz se zak 1. stupné ZS rovnéz seznamuje. Na
obrazku 10 je ptiklad priniku dvojic riznobéznych piimek z uc¢ebnice matematiky Blazkové et
al. (2018).

Pfipomen si: e )
Dvé primky, které maji pravé jeden spole¢ny bod, se nazyvaji primky
ruznobézné nebo riznobézky. Riznobézky lezi v jedné roviné.

. Spole¢ny bod riiznobézek se nazyva praseéik.

1. Cervenym krouzkem vyznaé praseciky riznobéznych pfimek.

u

2 E
P D

Obrazek 10. Prinik dvou mnozin jako prase¢ik dvou riznobéznych ptimek
(Blazkova et al., 2018).
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V ucivu geometrie 1. stupné ZS Zaci pracuji se vztahy mezi geometrickymi utvary, jedna
se o relaci v mnoZiné geometrickych utvari. U nésledujicich vybranych piiklad
z geometrického uciva se zaci seznamuji s vlastnostmi jednotlivych relaci:

piimka p je rovnobézna/riznobézna s ptimkou q; p || q,

pfimka p je kolma na piimku q; p L q,

usecka AB je shodna s tseckou CD; AB = CD,

usecka AB je vétsi, resp. mensi nez usecka CD; AB > CD, resp. AB < CD,
trojuhelnik ABC je shodny s trojihelnikem KLM; AABC = AKLM,

uhel AVB je vétSi/mensi nez thel CUD; «AVB > «CUD, resp. <AVB < «CUD,
uhel AVB je shodny s uhlem CUD; €«AVB = «CUD.

Graficky soucet usecek nebo graficky ndsobek piirozeného ¢isla a usecky v kontextu
s vhodnym grafickym zndzornénim jednoduché i slozené slovni tlohy je jednim z ptikladii

vyuziti

poznatki uciva geometrie v ucivu aritmetiky. Nazornost vyuziti iseckového modelu

pti feSeni slovnich uloh obsahujicich vztahy ,,0 n vice/méné* nebo ,,n krat vice/méne* véetné
uloh s antisignalem je ilustrovana na prikladech 1, 2 a 3 nize (Blazkova et al., 2011; Blazkova,
2020; Budinova, 2018; Divisek et al., 1989).

Priklad

1: Anicka ma 11 pastelek, coz je o 4 pastelky méné nez ma Jana. Kolik pastelek maji

obé divky dohromady?
Znéazornéni:
11
Anitgka  F—— ,
Jana | 1 | 4 |
I I 1
Ptiklad 2: Tonik mad 5 pastelek, Kaja ma tiikrat vice pastelek nez Tonik. Kolik pastelek ma
Kdja?
Znéazornéni:
5
Tonik —
Kéja | : PSS

Obrazek 11 ilustruje vyuziti useckového modelu predstavujiciho graficky soucet usecek pti

feSeni j

ednoduché slovni ulohy v ukazce z u¢ebnice matematiky Blazkové et al. (2018).
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12. Jdeme-li k rybniku po silnici, ujdeme 12 kilometru. Zkratkou pres les je
cesta trikrat krat$i. Jak dlouha je cesta pres les?

Cesta po silnici 12 ‘—:I
Cesta pres les  3krat méné nez

Cesta pres les ?

Znazornéni: silnice  r—— ‘
3krat 3krat
méné nez vice nez
zkratka  pe—
3krat
Vypocet: 12: 3 = Zkouska: 12>4

Odpovéd: Cesta lesem je dlouha kilometry.

Obrazek 11. Vyuziti grafického souctu tsecek pfi grafickém znédzornéni zadani slovni ulohy
(Blazkova et al., 2018)

Vhodné je tohoto grafického modelu vyuzit pro vétsi nazornost ve slovnich ulohach typu
sjednoceni mnoZin s neprazdnym prinikem (DiviSek, 1989; Blazkova et al., 2011):

Ptiklad 3: Ve tridé je 15 deti, které chodi do sportovniho krouzku a 20 deti, které chodi do
pocitacového krouzku, z toho 6 deti chodi do obou krouzkii. Kolik je ve tride deti, vime-li, Ze
3 deéti nechodi do Zadného z téchto krouzki?

Znazornéni:

5. Zavér

Tento piispévek ilustruje na konkrétnich vybranych piikladech uciva odbornych
matematickych predméti jejich Gzké propojeni a vzajemnou navaznost se Skolskou
matematikou 1. stupné ZS. Upozoriiuje na skuteénost, ze odborna piiprava studenti uéitelstvi
matematiky 1. stupné ZS v tomto oboru je kli¢ovym piedpokladem ke kvalitni uéitelské
zpisobilosti v ramci vyuky Skolské matematiky. Studenti v rdmci odborné matematické
ptipravy ziskavaji nadhled nad u¢ivem matematiky 1. stupné ZS, ktery je pro jejich profesi
vyznamny. Veskeré vySe popsané znalosti, které studenti ziskaji prostfednictvim odbornych
matematickych pfedmétii v ramci své piipravy na profesi budouciho uditele 1. stupné ZS,
piispivaji k rozvoji jejich profesnich kvalit.

Studenti uéitelstvi 1. stupné ZS rozviji na zakladé odbornych matematickych piedméti,
v nichz je u¢ivo budovéno s ptisnou navaznosti (nové ucivo vyplyva z predchéazejiciho) své
logické uvazovani, kterym ziskavaji vétsi schopnost pro spravné a presné vyjadrovani, které je
v matematice zadouci. Tyto faktory nasledné¢ umoziiuji budoucim ucitelim rozvijet potiebné
schopnosti argumentace, kultivovanosti ve slovnim vyjadfovéani, kritického mysleni,
systemati¢nosti a tvofivosti v celém systému vysokoskolské ptipravy.

Na zakladé¢ téchto znalosti, dovednosti a schopnosti pak miize budouci ucitel
profesionalnéji a kreativnéji volit vlastni formy vyuky matematiky. Sam ucitel je pak
svobodnéjsi pfi vybéru vhodnych metod vyuky a jejich vyuziti v€etné riznych alternativnich
pristupt, které se v dnesni dob¢ v ¢eském Skolstvi objevuji.

38



Elementary Mathematics Education Journal 2025, Vol. 7, No. 1
ISSN 2694-8133

Literatura

Blazkova, R., Matouskova, K. & Vanurova, M. (1992). Texty k didaktice matematiky pro
studium ucitelstvi 1. stupné zakladni skoly. 2. ¢ast. Brno: PdAF MU.

Blazkova, R., Matouskova, K. & Vanurova, M. (2011). Kapitoly z didaktiky matematiky: slovni
ulohy, projekty. Brno: PAF MU.

Blazkova, R., Matouskova, K. & Vanurova, M. (2018). Matematika pro 3. rocnik ZS. Viefi:
Alter.

Blazkova, R. (2020). Didaktika matematiky se zamérenim na specifické poruchy uceni. Brno:
Munipress.

Budinova, 1. (2018). Pristupy nadanych zdkii 1. a 2. stupné zakladni skoly k reseni nékterych
typu uloh v matematice. Brno: Munipress.

Bulin, J., Koritydk, S., Palkova, M., Sktickova, M., Synkova, P., Tarabkova, M. & Vance, K.
(2007). Matematika pro 2. rocnik zakladni skoly. Brno: Didaktis.

Coufalova, J. (2016). Matematika s didaktikou pro 1. rocnik ucitelstvi 1. stupné ZS. Plzefi.
Zéapadoceska univerzita.

Divisek, J. & Butil, Z. (1989). Didaktika matematiky pro ucitelstvi 1. stupné ZS. Praha: SPN.

Fuchs, E., Liskova, H. & Zelendovd, E. (2015): Rozvoj predmatematickych predstav deti
predskolniho véku. Metodicky pritvodce. Praha: JCMF.

Hejny, M., BeneSova, M., Berekova, H., Bero, P., Hrdina, L., Repas, V., & Vantuch, J. (1990).
Teoria vyucovania matematiky 2. Bratislava: Slovenské pedagogické nakladatel'stvo.

Kaslova, M. (2012). Predmatematické cinnosti v predskolnim vzdelavani. Praha: Raabe.

Novak, B. & Eberova, J. (1988). Kapitoly z didaktiky matematiky 1. Olomouc: Pedagogicka
fakulta Univerzity Palackého.

Panécova, J., & Beranek, J. (2021): Zaklady elementarni matematiky s didaktikou pro ucitelstvi
1. stupne ZS. Brno: Masarykova univerzita.

Panadova, J. (2024). Mylné piedstavy o nule u studentd ugitelstvi 1. stupné ZS. Ucitel
matematiky. 32(2), pp. 154-171.

Potickova, J. (2012). Matematika pro 2. rocnik zakladni skoly. 2. dil. Brno: Studio 1+1.
Potickova, J. (2018). Matematika pro 1. rocnik zdkladni Skoly. 1. dil. Brno: Studio 1+1.

gedivyv, 0. & Krizalkovi¢, K. (1990). Didaktika matematiky pre studium ucitelstva 1. stupna
ZS. Bratislava: Slovenské pedagogické nakadatel'stvo.

39



Elementary Mathematics Education Journal 2025, Vol. 7, No. 1
ISSN 2694-8133

DEVELOPMENT OF FINE MOTOR SKILLS IN PRIMARY SCHOOL
STUDENTS THROUGH HEJNY METHOD IN TEACHING
MATHEMATICS

Viaclav TVARUZKA, Barbora TRISKALOVA, Ladislav RUDOLF, Tom4a§ BAROT
University of Ostrava, Faculty of Education (Czech Republic)
Vaclav.Tvaruzka@osu.cz, D203 14@student.osu.cz, Ladislav.Rudolf@osu.cz,
Tomas.Barot@osu.cz

Abstract

This study deals with the influence of innovative mathematics teaching according to the
Hejny method on the development of fine motor skills of 1%-grade primary school pupils.
The intervention program was implemented through creative lessons that used manipulative
and spatial tools (e.g. geodesics, building blocks and cube models). Fine motor skills
were diagnosed using the subtest “Composing and carrying beads” from the standardized
MABC-2 test. The results showed a statistically significant shift in fine motor skills in pupils
taught using the Hejny method compared to the control group with traditional teaching. The
research pointed out the importance of practical activities as a tool to support not only motor,
but also cognitive and spatial development of children. The starting points of this work can
serve as inspiration for pedagogical practice in the field of primary education.

Keywords: fine motor skills, Hejny method, mathematics teaching, work activities, spatial
imagination, manipulative tools

1. Introduction

The development of fine motor skills is an important aspect of a child's school readiness
and significantly influences their success in writing, drawing, and manipulating learning
materials. Fine motor skills are closely linked to other areas of development, especially
spatial perception and cognitive skills, which are essential for mastering mathematical
concepts.

Hejny's method of teaching mathematics is currently considered one of the progressive
forms of teaching, which uses a manipulative environment and emphasizes the student's
independent work. Children are not passive recipients of knowledge, but become active
constructors of their knowledge, through work with specific objects, models and spatial
structures. This approach significantly contributes to the comprehensive development of the
child, as it connects movement, perception and thinking.

This study aimed to determine whether and how teaching mathematics using the Hejny
method — in combination with practical activities, supports the development of fine motor
skills. The research was conducted in two fourth grades, where one group was taught
traditionally and the other according to the Hejny method, both of which received three
structured lessons focused on manipulation and creation.
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2. Theoretical foundations
2.1. Fine motor skills and their importance

Fine motor skills include coordinated movements of small muscle groups, especially
fingers and hands, which are necessary for everyday activities such as writing, cutting,
threading or folding. Its development is tied to the maturation of the central nervous system
(Dylevsky, 2022) and is reflected in overall dexterity, accuracy, and control of movements. The
importance of fine motor skills for a child's school success is also confirmed by Psotta (2016)
and Bednatova (2022), who emphasize its influence on graphomotor skills, concentration and
speech development.

2.2. Hejny's method in teaching mathematics

Hejny's method of teaching mathematics is based on the principles of constructivism and
respects the individual developmental pace of the student. An important part of this method is
working with so-called environments, such as stairs, geodes, cubic structures, or number lines,
which allow students to independently discover mathematical relationships (Hejny et al., 2011).
Manipulating these environments also stimulates fine motor skills and spatial perception.
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Figure 1. Geodesic input

As gradation parameters, we can mainly find the number of rubber bands, the increasing
color of the rubber bands, the amount of overlapping (layers), and the complexity of the shapes.

Figure 2. Entering shapes and solids

Gradation in the assignment appears in the form of the assignment, in the complexity of the
shape and later the solid, in the addition of conditions in working with beads.

2.3. The importance of practical activities in teaching

Practical activities that use small objects, creative tasks, and spatial manipulations naturally
strengthen hand-eye coordination, precision of grasp, and motor planning. Their inclusion in
teaching creates favourable conditions not only for the acquisition of knowledge but also for
the development of self-confidence, concentration, and joy of learning (Bednarova, 2022;
Mertin, 2011).
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3. Methodology

The research sample consisted of students from two fourth grades (n = 37) — one class was
taught in the traditional way (n = 19), the other using the Hejny method (n = 18). The subtest
“Putting and carrying beads” from the MABC-2 test was used to assess fine motor skills. The
intervention program included three creative lessons with mathematical content:

e Lesson 1: Working with geodesics — creating shapes according to the assignment.
o Lesson 2: Assembling geometric shapes and bodies from various materials.
e Lesson 3: Building 3D models from cubes according to the template.

Before and after the intervention, students were tested, and the results were subsequently
analysed with a two-sample t-test.

4. Results

Statistical analysis showed that students from the experimental group (Hejny method)
achieved significant improvement in fine motor skills between pretest and posttest (p < 0.05),
while in the traditionally taught group, this progress was not as significant. In tasks focused on
accuracy and coordination, the experimental group was more successful, which indicates
a positive effect of manipulation with didactic tools on motor development.

b Prepest
. Posttest

10.0F

1.5}

Average Scores

3.0

2.5}

0.0

Hejny's Method Traditional Method
Teaching Group

Chart 1. Comparison of Pretest and Posttest

5. Discussion

The results confirm that teaching that combines practical activities with mathematics has
a positive impact not only on the cognitive but also on the motor development of children.
Manipulating spatial objects, creating patterns, and solving problems based on concrete
experience led to better activation of students, the development of their fine motor skills, and
a deeper understanding of mathematical concepts.
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Motivation is also an important factor: students showed greater engagement, perseverance,
and cooperation during practical activities. The results are consistent with research that
emphasizes the importance of multisensory learning and active student engagement
(Bednarova, 2022; Sacca, 2024). Appropriately structured practical activities can also serve as
a preventive and supportive tool for students with graphomotor difficulties.

6. Conclusion

Research has shown that mathematics teaching implemented using the Hejny method,
enriched with practical activities, has a significant impact on the development of fine motor
skills in younger school-age students. Given that fine motor skills affect not only writing, but
also spatial imagination, attention and overall school performance, its targeted development is
a desirable part of teaching.

Pedagogical practice should therefore strive to systematically incorporate manipulative
activities into teaching, especially in subjects such as mathematics, work activities or primary
school. Interdisciplinary connections are also suitable, allowing children to learn through
movement, creativity and play.
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Abstract

Student success in learning and understanding mathematical content in elementary school
is determined by numerous factors. Among these factors is the student's interest in learning
mathematical content. Learning success often changes with the development of student's
psycho-physical characteristics. The authors researched and present in this paper the results
related to the relationship between elementary school student's age and their interest in learning
mathematics content. The main hypothesis was set: We expect that students have different
interests in learning elementary school mathematics content and that these interests correlate
with student's age. The mathematical content covered includes: addition and subtraction;
equations and inequalities; geometric content; word problems; measures and measurements.
Various interests were recorded, with students finding content about measures and
measurements the least interesting, while showing the greatest interest in solving equations and
inequalities. A correlation between age and student's interest in mathematical content was also
observed, with older students showing greater interest in mathematics.

The obtained results imply that it is necessary to seek different methods and work strategies
to make all educational content equally or nearly equally interesting to students. At the same
time, the authors suggest that for less interesting content, higher quality teaching media should
be provided, and different teaching systems, project-based and environmental teaching should
be applied.
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1. Introduction

Mathematics as a fundamental educational discipline occupies a central place in the
curricula of elementary school. However, student's interests in mathematics are not
homogeneous but vary depending on numerous factors, among which age proves to be an
important one, and this should be further investigated in the future. Understanding the
relationship between elementary school student's age (from 1st to 4th grade) and their
interest in learning mathematical content can improve teaching practice. Since not all
students have the same interests, teaching should not insist only on learning mathematical
content; the content is a means by which thinking, attention, and intellectual development
are developed. Therefore, the goal of teaching is not exclusively the acquisition of
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knowledge but also the encouragement and development of abilities for independent
learning, the development of critical and creative thinking, cognitive and metacognitive
abilities (Mihajlovi¢, Skopljak, and Jenji¢, 2023). This understanding creates the conditions
for the development of differentiated motivation strategies in accordance with the
developmental characteristics of children.

Analysis and research of the relationship between student's age and interest in learning
mathematics require knowledge of the developmental specificities of younger school-age
students. Elementary school students are between 6 and 10 years old, which is a period of
childhood characterized by the development of cognitive, emotional, and social traits.
According to Piaget's theory of cognitive development, students of this age transition from
the preoperational to the concrete operational phase of thinking, which means they
increasingly understand logical relationships but are still tied to concrete situations and
perceptual elements (Piaget, 1952). This is the stage of concrete operations, characterized
by the way they perceive mathematical concepts.

In the younger grades, students are more curious and open to adopting new content, but
motivation oscillates depending on the teacher's methodological approach, the complexity
of the teaching content, and learning experiences. First and second-grade students, for
example, often show high initial motivation for learning mathematics, which is associated
with game-like activities and research tasks (Stipek, 2002). However, as age increases and
the teaching content becomes more abstract, interest may decline. "Given the nature of
mathematical content in elementary school, the importance of the active role of students
and the willingness of teachers to encourage their mutual assistance is emphasized (Jenji¢
and Skopljak, 2023: 142). To avoid a downward trend in interest in learning mathematical
content, the needs and abilities of students should be monitored.

Interest in a particular area can be defined as a relatively stable tendency to direct
attention and activity towards specific content, and in the school context, it is closely related
to the concepts of motivation, engagement, and achievement. Research shows that interest
in mathematics among younger students declines not only due to cognitive challenges but
also due to changes in student's perception of their own competence and the importance of
the subject (Wigfield & Eccles, 2000). Interest is interpreted as the tendency of the subject
to react positively to certain phenomena or objects in their environment and to direct their
activity towards them (Encyclopedic Dictionary of Pedagogy, 1963).

In the first and second grades, students often experience mathematics as a game,
a challenge, and something that encourages them to "think." Game-like teaching often
appears in teaching practice. However, in later grades, the teaching content becomes more
abstract (e.g., all four arithmetic operations, geometric concepts, fractions, more complex
tasks), and interest may decrease in students who do not have developed learning strategies
or who experience failure. Also, at this age, children begin to form more stable self-images.
If they have previously formed negative experiences with mathematics, they may develop
attitudes that will diminish the desire for further learning.

There has been research examining the links between the socio-pedagogical
characteristics of students and their interests and achievements in mathematics teaching.
For example, some research indicates that girls in the third and fourth grades more often
express doubt in their mathematical abilities, despite the same or even better achievements
compared to boys (Hyde et al., 2008). Yet, it is a fact that teachers play a key role in
improving student's interest in mathematics. Their methodological competence contributes
to better teaching quality, the application of modern digital technologies, or simply, the
planning, preparation, and realization of teaching. The use of concrete materials,
visualization of abstract concepts, problem-based learning, and play as a didactic method
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have the potential to maintain and develop interest in mathematics throughout the entire
classroom period (Boaler, 2016).

Teachers, as the most important factor in the preparation and realization of teaching,
should recognize changes in student's interest. If they recognize a decline in interest, they
will intervene preventively, in all grades and when covering all teaching topics. Early
detection of a decline in interest enables the timely design of differentiated activities, which
include various social forms of work, project-based and problem-based teaching, digital and
other tools. Modern teaching strategies and teaching systems will certainly raise interest to
a higher level. The application of appropriate strategies aims to develop interest in learning,
as well as optimism in work and problem-solving. "Optimism is a predictor of academic
success" (Goleman, 2008: 84). Burdening students with complex and overly difficult tasks
reduces interest and optimism in work.

2. Method

In elementary school mathematics, students have varying success in terms of achieved
results and grades. Possible reasons include the fact that they have different predispositions
for learning, less or more motivation for learning, better or worse conditions for learning
and work. The aim of this research is to investigate the relationship between elementary
school student's age and interest in learning mathematics content. Accordingly, the research
hypothesis was defined: We expect that students have different interests in learning
elementary school mathematics content and that these interests correlate with student's age.

A descriptive (survey) research method was used. The research technique is
surveying/scaling, and a survey questionnaire was created as the research instrument.
It contained 24 items, and students expressed their level of agreement on a four-point scale:
1) I completely agree, 2) I partially agree, 3) I agree very little, and 4) I do not agree. The
sample consists of third, fourth, and fifth-grade elementary school students from three
different elementary schools in the city of Banja Luka in the Republic of Srpska (B&H).
The independent variable of the research is age, specifically the grade of the students (third,
fourth, and fifth). The dependent variables are the learning content in elementary school
mathematics, divided into five categories: equations and inequalities, addition and
subtraction, word problems, geometric content, measures and measurements. The research
was conducted in the second semester of the 2023/2024 school year. Statistical data
processing required the application of descriptive statistics and Pearson's correlation
coefficient.

3. Research results and their interpretation

Student's interest in learning mathematical content is determined by various factors.
These factors include, among others, predispositions for learning and understanding
mathematics, the material and technical basis of teaching, environmental factors, the
teacher's methodological approach in working with children, etc. It should also be added
that interest in learning changes with student's age. Some students will, over time, prefer
social sciences, some focus on natural sciences, arts, and some students will gradually
develop a desire for more successful learning of mathematical content. Precisely for this
reason, we conducted the research among students in three different grades, which is clearly
visible in Table 1.
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Table 1. Sample of respondents by student's age

Frequency  Percentage Cumulative percentage

Third grade 68 33.7 33.7
Fourth grade 67 33.2 66.8
Fifth grade 67 33.2 100.0
Total 202 100.0

The sample of respondents is approximately uniform by age. There were 68 third-grade
students, which is 33.7% of the respondents. Also, 67 or 33.2% of students who attended
the fourth grade participated in the research. The same number represents the students who
are in the fifth grade. Thus, a total of 202 students were included in the research. Younger
students did not participate in the research. Most of the teaching content, which is the
dependent variable of this research, has not yet been covered by first and second-grade
students, so they could not be included in the research. In the research, we included five
different thematic units that are covered in mathematics teaching: equations and
inequalities, addition and subtraction, word problems, geometric problems, measures and
measurements. We did not include multiplication and division, as well as fractions, because
these contents are not taught in the third grade of elementary school, so third-grade students
cannot comment on these contents. Table 2 shows the arithmetic means of the answers
related to student's interest in learning the listed thematic units. Since students expressed
their level of agreement with the answers on a scale from 1 to 4, where 1 is the best and 4
is the worst value, the arithmetic means shown in the following table indicate the level of
student's interest.

Table 2. Interest in learning mathematics content

Sample Min. Max Arithmetic

Mean
Equations and inequalities 202 1 4 1.71
Addition and subtraction 202 1 4 1.74
Word problems 202 1 4 1.91
Geometric conect 202 1 4 1.97
Measures and measurements 202 1 4 2.15
(N) 202

Students show the least interest in learning the subject area of Measures and
Measurements. The obtained arithmetic mean 1s M = 2.15, and this is the worst result from
the perspective of interest in a specific mathematical content. The research did not seek the
reasons for this, but it is possible that this unit receives less time compared to all others,
there are fewer classes in the curricula, and it includes various quantities: length, area, mass,
time, and volume. Experience shows that this is complex content for students, also because
students convert smaller to larger and larger to smaller units of measurement (for example,
centimeters to decimeters and meters, decagrams to grams and kilograms, and so on).
However, even so, this is content that students need to master because they will use it in
everyday life.
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Students also do not show great interest in geometric content. The arithmetic mean
M = 1.97 suggests that students do not find this interesting, despite the fact that there is
more interest here than in the previous variable. However, geometric content still occupies
more time in mathematics teaching. The curriculum is designed so that geometric content
is not taught continuously. Much time is spent on arithmetic and algebraic content, and
geometry is taught in certain time intervals, which is not particularly interesting to students.
Hypothetically speaking, it can be said that students mainly perceive mathematics as
arithmetic operations, which suppresses interest in geometry and geometric tasks. However,
this is just a hypothesis whose validity should be verified by research.

There is slightly more interest in solving word problems. The arithmetic mean of the
answers obtained from students M = 1.91 describes this. Here we can note an average partial
interest of students, and the reasons for this can be found in the fact that these are more
complex tasks that require greater mental activity, more effort, and slower feedback on
whether the task was solved correctly or not. The verification of whether they solved
correctly is usually done by the teacher, and in a smaller number of cases, students
themselves can check whether the procedure and solution are correct. This somehow
reduces the interest in work and at the same time shows the importance of feedback for
students. It should also be noted here that word problems, unlike mathematical expressions,
encourage the development of divergent and mathematical thinking more. Therefore, work
should be done to develop student's interest in solving word problems in elementary school
mathematics.

Addition and subtraction is an area in elementary school mathematics that students
spend a lot of time on. Namely, they start with addition and subtraction when forming the
concept of a natural number. Therefore, they show a higher level of interest in these
arithmetic operations. This is confirmed by the value of the arithmetic mean M = 1.74. It
should also be emphasized that they use these operations in all other areas of work — in
word problems, measures and measurements, equations and inequalities. It is concluded that
the content of addition and subtraction is more interesting to students precisely because of
the continuity in work. Because if geometric contents are less interesting due to
discontinuity in teaching, addition and subtraction are more interesting due to continuous
application. Students add and subtract daily, in class or in extracurricular activities.

It is interesting that students are most interested in content related to solving equations
and inequalities. The obtained value M = 1.71 confirms this statement. We cannot give an
adequate interpretation of the real reasons for this because we did not set this as a task in
the research. Or rather, we did not expect this. Precisely because of this, this can be an
interesting problem for some future research. However, the fact is that solving equations
and inequalities acts as a motivation for learning because each word problem that is solved
by equations or inequalities is a new problem situation that creates interest in finding a
solution.

Further analysis of the obtained results is focused on checking the correlation between
student's age and their interest in learning all mathematical content. For this purpose,
Pearson's correlation coefficient was applied. The interest in learning mathematical content
represents the obtained score of several items that related to interest in learning
mathematics. The obtained correlations are presented in Table 3.
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Table 3. Correlations of student’s age and interest in learning mathematics

Grade Interest in learning all
mathematics content
Pearson Correlation 1
Grade Sig. (2-tailed)
N 202
Interest in learning Pearson Correlation 426" 1
all mathematics Sig. (2-tailed) .000
content N 202 202

**. Correlation is significant at the 0.01 level (2-tailed).

The correlations between student's age, or the grade students attend, and interest in
learning mathematical content have a value of r = 0.426 and are statistically significant at
the level of p = 0.000. This means that interest in learning mathematical content increases
with student's age. Since the research included students from the third, fourth, and fifth
grades, this result does not mean that older students have better learning success. Namely,
our finding is that older students better understand the importance of learning mathematics,
and on the other hand, mathematics with its thematic units is probably more interesting in
older grades. Students have mastered the basic arithmetic operations, geometry content,
measurement, and other content, and in older age, they learn mathematics more to apply
what they have learned in different situations. In any case, this should be checked in the
next period. However, to obtain more valid results, research should be created and
conducted that will include younger students, specifically from the first to the fifth grade.

4. Concluding remarks

The conducted research confirmed the hypothesis that students have different interests
in learning elementary school mathematics content and that these interests correlate with
student's age. It was noted that solving equations and inequalities is most interesting to
students in elementary school mathematics. In second place of interest is content related to
addition and subtraction, and students show insignificantly less interest in solving word
problems. More experienced teachers generally claim, and our research has confirmed, that
learning geometric concepts is less interesting to students. And finally, students show the
least interest in content related to measures and measurements in elementary school
mathematics. Further analysis of the obtained data in the research recorded a correlation
between student's age and interest in learning all mathematical content. It was found that
older students have a greater interest in learning mathematics. It is possible that this result
is a consequence of a better understanding of mathematics in older age, or more specifically,
mathematics is more complex for students in the younger grades of elementary school.
Students need a quality methodological interpretation of mathematical concepts to
understand its basics, and this happens at a younger age. Later, mathematics is more
demanding but builds on the foundations from the first three grades of elementary school.

The obtained results are certainly interesting and open up some new questions for
research in the methodology of elementary school mathematics. Therefore, future research
should seek and find better approaches in the treatment of geometric content and measures
and measurements. However, this cannot be learned by survey or descriptive research, but
by experimental research with the introduction of an experimental factor in learning the
mentioned thematic units. Also, in the future, a comparative study should be conducted to
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learn about the content of mathematics learning in some European countries, and possibly
the interest in mathematics among students in those countries. The obtained results would
have great value in creating and aligning curricula, both because of learning outcomes and
because of the mobility and migration of students.
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Abstract

The necessary innovation of interdisciplinarity practices in education contemporary, to
provide the successful development of students in learning salient of curriculum documents, it
is essential this effective use of diagnostic and guidance carried out in the prospective teachers
(PTs) initial training experience of Mathematics Didactics and Curriculum Assessment of the
basic and secondary education.

To provide them with pedagogical knowledge for the convenience of the nature and learning
process used in future teaching practices, as it is recognized that they were not yet all familiar
with this comprehensive perception of the positive contribution in the use of their knowledge,
this qualitative and interpretative study is focuses on the perceptions of the future teachers in
the work carried out to prepare interdisciplinary professional knowledge in teacher training,
aiming to understand they perceptions about how the positive the positive interdisciplinarity
adopted work used by PTS in training program contribute to their necessary development of
pedagogical knowledge effect when elaborate detailed lesson plans integrating pedagogy to
possible use in their future professional practice.

The results of this study, based on data analysis and their reflections and work used, revealed
a recognized relevance of using interdisciplinarity in the preparation of PTS in initial teaching
training, showing their deepened, taking advantage to improve pedagogical knowledge, which
they intend to use in their future practices. So, this study is relevant and may contribute to
identifying the effectiveness evidence of successful learning of interdisciplinarity use in the
preparation of professional knowledge of future teachers, for necessary international
professional development in future docents teaching practices.

Keywords: interdisciplinary promotion in initial training education; science and Mathematics
prospective teachers; learning and teaching pedagogical knowledge; planning class lessons of
students.

1. Introduction

Recently, the use of interdisciplinarity has been recommended as essential to successfully
develop in education school of students integrated learning, to help them to attribute meaning
to modern Science and mathematics ideas, as fundamental component of human culture in
international school curricular guidelines in primary and secondary education (ME, 2018), to
dealing with life contexts (NCTM, 2014; Lygianne & Geraldo, 2020). To answer to these
demands, it is important that in this century prospective teachers can create and implement
learning components of objectives, learning content and teaching methods environments that
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take advantage of the wide accessibility and potential to explore interdisciplinarity ideas to use
in teaching practices as they are not yet familiarized. Thus, the future Teachers Training for
Sustainability is currently a required trending topic, due to the need to provide educational
support knowledge on the different issues covered by the Sustainable Development Goals. To
reach this goal, this author have investigated the integration of interdisciplinarity and also
emphasize as necessary that the initial training programs foster the development of the
interdisciplinarity of prospective teachers, helping them to acquire experience to teach the
effective help of their future practices. Within this context, preservice teachers have
collaborative opportunities to: plan, organize, criticize, and develop abstract ideas from specific
content and needs of the student and specific classroom situations, while considering the
possibilities of digital technologies (Niess, 2012). In this considered essential regard context, it
was pertinent to carry out this qualitative and interpretative study to contribute to the scarce
research in this field, by describing an innovative science and mathematics preservice teachers
education experience from the 3rd cycle of basic and secondary education in Portugal, whose
aim 1is: to understand they perceptions about how the the positive interdisciplinarity adopted
work used by PTS in training program contribute to their necessary development of pedagogical
knowledge effect when elaborate detailed lesson plans integrating pedagogy to possible use in
their future professional practices. Thus, this considered relevant study, may contribute to
identifying the recommendations and considerations on the potential of innovative and specific
adopted work of using interdisciplinarity development in the initial training experience of future
Mathematics Didactics and Curriculum Assessment teachers of the basic and secondary
education pedagogical aspects, as useful for their showing necessary encouragement and
support for professional development of planning classes when they become familiar with this
approach, to improve pedagogical knowledge and privilege educational contexts of teaching
practices. This focus of the study can also be useful for supporting the scientific and educational
international community.

2. Literature Review

From this perspective, including the need to understand and appreciate interdisciplinarity
in its disciplinary essence and role as an agent of change, both social and cultural, in order to
transmit it to students, and to work on interdisciplinary way, amongst other actions.

In order to providing integrate preservice teachers education for knowledge and sustainable
development, it is necessary to enable they learn, clarify one’s own values, to contribute and
envisage more inclusive positive, sustainable and resilient future for people and the planet to
think systematically to respond via applied learning and to study the dialectics between tradition
and innovation (Alsina & Calabuig, 2019; Tilbury, 2011). This model describes some essential
strategies for promoting the transformation of the everyday knowledge of preservice teachers
(knowledge, experiences and prior beliefs) into professional knowledge(Korthagen, 2001).

Later, UNESCO (2008) stated that it 1s necessary for education to be holistic, inclusive and
transformative, and taking into account different objectives for teachers with the aim of
promoting: the pedagogy and learning contents and results of learning the integration of
sustainability issues into study plans contexts to student-centered teaching and learning oriented
towards action based on interaction and exploratory learning, and social learners of any age and
educational context to transform themselves and the society in which they live.

It is suggested that generative methods which support teachers in speculating on paths to
potential futures as teachers of mathematics, can provide access to how prospective teachers
negotiate issues in relation to the climate crisis and ways in which they conceive of related
changes in their practices (Helliwell & Ng, 2022).

53



Elementary Mathematics Education Journal 2025, Vol. 7, No. 1
ISSN 2694-8133

In this context, the integration of interdisciplinarity is a growing field which aims to prepare
future teachers educators for their role as agents of social change by developing specific
sustainability competencies (Jana& Matthias Barth, 2020). As an essential part of the diverses
prospective teachers training that cannot be excluded from this goal use currently to
competencies which constitute the core of the curriculum, as enable the development of the
ability to appropriately apply knowledge, comprehension and skills in different contexts to
communicate and manage information (Council of the EU, 2020). Teacher education for
sustainability is an emerging research agenda which addresses such issues as professional
teacher development and the teacher’s interaction, context and practice. Until recently, these
interdisciplinarity issues were only exclusively addressed from the point of view of research in
mathematics education. However, nowadays it is necessary to start studying them from an
integrated perspective in diverse education for sustainability.

For PTs develop the necessary professional knowledge, both mathematical, didactics and
curricular assessment, it is essential they must work on solving tasks in initial training to
develop the necessary professional knowledge, both mathematical and didactic, to increase the
recognition of the tasks characteristics of different themes of the curricular area and of the
actions of teachers to support them to carry performing tasks to appropriate resolutions use in
their future teaching practices (Dempsey & O'Shea, 2020; Fernandes, 2008). Technological
resources are also essential as they can facilitate connections between different areas of
knowledge and also because they enrich the teaching-learning process in the classroom at
different levels (Amado e Carreira de 2008).

3. Methodology
3.1. Context and participants

This research was carried out in the initial training experience of future teachers, in the
academic year 2023, taught by the author in the Curriculum and assessment and mathematics
didactics courses, in fundamental areas of teaching specialization, in the 3rd cycle master's
program of primary and secondary education at the University of Lisbon. The participants in
this study were 20 and 12 future Portuguese teachers, male and female, enrolled in these
courses, with no previous interdisciplinary experience in classes.

The face-to-face work in these initial training courses for future teachers included several
sessions held to follow a global approach to training strategies that promote interdisciplinary
knowledge and involve PTs in collaborative group work to promote analysis, reflection,
discussion and argumentation eminently around the proposed fundamental themes, and also the
selection of a task for the preparation of lesson plans as a common practice in this training to
develop their knowledge of professional practice and teaching resources for understanding and
preparing of integration of multiple dimensions of interdisciplinarity in students' future classes.
The teacher and PTs meet to present the Group Work and various types of materials and
resources that generate thought and discussion are exposed. The PTs who accompanying classes
are responsible for organizing and executing this stage, which allows them to guide students'
motivation to investigate reality. And later they share information about the content of the
activities and work they develop and enjoy the analysis of the content prepared to support
colleagues. The accompanying PTs execute the plan in each subject area and the reality
notebooks are appreciated and given space for proposals to improve working methods.

This research study of a qualitative and interpretative nature (Bogdan & Biklen, 1994)
aiming to understand they perceptions about how the positive interdisciplinarity adopted work
used by PTS in training program contribute to their recognized necessary development of
pedagogical knowledge effect when elaborate detailed lesson plans integrating technology to
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possible necessary use in their future professional teaching practices. In view of this objective,
were tried to answer the following questions:

(1) What perceptions did the PTs revealed about the potentialities of interdisciplinarity
learning developed in their adopted work and the received support to develop
knowledge to promote students learning in future practices?

(i1)) What PTs recognized this contribution to carry out their necessary using this resource
in teaching practices to promote students' knowledge?

3.2. Data collection and analysis

The data collected and analyzed in the training classes were based on the cognitive
components of interdisciplinarity of the PTS and justifications presented for the lesson plans
prepared in groups that they considered as the potential of their promoted knowledge, and
including the main options taken to choose the associated materials and tasks. And guidelines
designed to use this essential skill for students in future classes, and a reflection on the potential
of integrating interdisciplinarity in the activity for both them and the students.

In the following chapter is presented some results of the data analysis, focus on the
dissemination of the study through the mentioned established comments and exemplifying
perceptions of the interdisciplinarity work developed by the PTs, as they gave and express
consent to participate voluntarily in this study research. But the used names of PTs are fictitious,
in order to to guarantee the total anonymity and respect the participants confidentiality,
guarantee ethical issues based on what is necessary for an assured investigation (Instituto de
Educacao, 2017; Comissao Europeia, 2016).

4. Results

This study was carried out in the context of the initial training program, to identify their
recognition obtained in responses of elements prepared by all participants PTs relating to they
recognized interdisciplinarity work carried out in these sessions, sought to know how allowed
the promotion of their learning and understanding of curricular materials, mathematics
integration of technologies and instructional strategies and representations developed for their
teaching work. This work provided the opportunity for PTs recognize the potential of reading
texts and using technological mathematical tasks to plan classes in their positive
interdisciplinary learning in training, and the satisfaction of the benefits of these resources for
possible use in teaching students.

The interdisciplinary projects included in this publication are suggestions for activities that
teachers in schools can adopt and develop with their students in the 8th year of the 3rd cycle of
Basic Education and higher education. The definition of projects took into account the
interdisciplinary articulation that takes place in the existence of strong links between disciplines
that will work directly or simultaneously and in references to other disciplines, when there is
precedence of knowledge and procedures (CD, CN, EF, EV, FQ, Geo, Hist, Ing, LE II, Mat,
Port, TIC). And the citizenship values recognized in the curricular guidelines for the design of
activities give a special meaning to learning.

It is possible for interdisciplinary projects to be carried out with a good partnership
between teachers or even with the entire school, depending on the amount of commitment that
school management and teaching staff are willing to employ, which would be interesting to
develop in a digital environment suitable for the digital version of the Notebook and disseminate
it to the school community. The results of the study show that the PTs noted that allowed the
highlighted positive evaluation of didactic and technological knowledge based on aspects of
a cognitive nature and curriculum management prepared to appropriate teaching in their
experience of training.
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For example, the PTs highlighted: their revealed perceptions about what is and what it
means an interdisciplinary developed knowledge as potential to support the relevant promotion
of students learning; And also the recognized contribution of this developed learning
interdisciplinary in their adopted work in training class to carry out their necessary using this
resource in their students teaching practices.

J, A, I: Interdisciplinarity in education is the treatment of a topic with students, through
activities that motivate them to develop personal thoughts, improving topics under analysis and
progressing in their learning in a more sustained way to knowledge from various disciplines. In
this approach, the focus is on skills and contexts in methods common to related disciplines,
which contribute to the understanding of shared themes and concepts. Therefore, the work must
be planned in a cooperative manner between the intervening teachers from different disciplines
who develop the same project, listening to the students' research interests. And it is also the
great richness of this form of work that enhances learning that characterizes curricular
guidelines in the real world. As mathematics is the language of many sciences, this discipline
is particularly suitable for developing interdisciplinary projects in other disciplines. The
knowledge acquired becomes more adaptable to different realities.

EC, M: Interdisciplinarity is a process of connecting disciplines with the aim of giving
meaning to the concepts and knowledge obtained in each one. Interdisciplinary work is
important to prepare students to deal with the complexity of today's world and to become active
and informed citizens. Skills for solving problems of analyzing and questioning reality,
articulating knowledge and knowledge are then developed. This work not only involves
students but has the advantages of greater dialogue and planning between different teachers
from different areas in a more integrated formation of the student as a citizen in school
coordination to exchange ideas, information and methodologies to lead to greater motivation to
get closer to reality and improve learning. But interdisciplinary work is important for all areas,
but particularly for mathematics because it allows the importance of its study by relating it to
current and real themes.

MC, T, MA: Interdisciplinarity is what happens when knowledge from various disciplinary
areas is integrated so that new, more meaningful and deeper learning emerges, as students
establish connections between the various areas and with reality. The current curricular
guidelines emphasize that students are expected to work on interdisciplinarity because the
establishment of external connections in relation to mathematics is encouraged. Furthermore,
the mathematical skills that students are intended to acquire can also be acquired through
interdisciplinary tasks, such as communication favored by collaborative work and the ability to
solve problems and mathematical connections. The main people involved in interdisciplinary
work should be the students choosing which questions they want to work on. Teachers from
various disciplines get involved in facilitating the integration of knowledge and proposing
active methodologies and gamification that favor interdisciplinarity with visits to museums and
the use of digital tools.

MB, B, JD, MI: Interdisciplinarity was a methodology involved in our individual and
collaborative work as teachers, in explaining a topic that covers both disciplines, transgressing
the rigid lines that conventional schools establish between the various curricular units or
disciplines Natural Sciences, Citizenship, History and Geography. The project in which we
were involved in the work of this practice helped me to develop the task that I propose to result
in interdisciplinary work designed for students to practice and develop their meaning and
research independently on the topic.

MJ, LF: In interdisciplinary education, all collaborative work carried out between fellow
teachers is significant, as it was important for collaboration between various disciplinary areas
that complement and help the success of the work carried out in their knowledge. In my opinion,
it is also important to take this approach in teaching so that students develop their knowledge
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in certain subjects of the curriculum worked on in interdisciplinary projects in continuous
subjects. And I had the opportunity to develop an interdisciplinary activity in work carried out
in the mathematics discipline, which was very important for the students because it allowed
them to understand the proportionality of interdisciplinary promotion through technological
resources and acquired different knowledge about the content covered in their learning.

S, BI: The construction of interdisciplinary didactic actions supports a teaching alternative
that highlights the interaction and communication that exists between the different disciplines
and builds the integration of coherent and meaningful knowledge. In my opinion, to carry out
interdisciplinary work we must start from a topic of general interest and use tools to understand
the details, and this adoption leads to deep reflections on the role of teachers, in particular, the
way of teaching, which requires a constant search training. After this time I carried out
interdisciplinary work studying geography and mathematics concepts and worked on them in
the classroom. This experience greatly strengthened the bonds between the students in the class.

AA: The interdisciplinary approach is not based on a theme, but rather on connections and
common parts between the various disciplines. Therefore, in this approach the teacher designs
a learning experience, where students are invited to relate the common parts or connections
between the various disciplines, to solve a specific problem. Technological resources that have
collaborative characteristics can be of great help in promoting interdisciplinarity.

CA, CG: After the work we carried out in this training we are already at a good and ideal
level, I experienced the experience of interdisciplinarity in graphic applicability in collaboration
and I thought it supported us in the perception and integration of common contents and
organizing them to be worked on between more disciplines. Interdisciplinarity will allow the
cooperation of the various curricular areas to be worked on and coordinated according to the
specificities of the teachers who establish the strategies and methodologies to adopt to provide
a rewarding and diverse learning experience. From my perspective, interdisciplinary work in
the classroom will allow students to learn across more than one area of knowledge, allowing
for a greater understanding of the real value of the learning content. The possibility of using
technological resources to promote interdisciplinary work is effective in fostering and
cementing learning.

AL: The interdisciplinary task that I selected in my role of guiding and motivating students
to work collaboratively has as its main objective that they deepen their knowledge about the
disciplines of Science, Engineering and Mathematics.

AT, C, ID, F: This way of working in master's training involves everyone in our
involvement and cooperation in the interdisciplinarity framed in the curriculum, which enriches
the teaching and learning process by having the ability to establish bridges between various
disciplines. And given my short teaching experience, I had the opportunity to recognize how to
propose an interdisciplinary project, which also involved students from various educational
levels who combined efforts to develop various activities and content. There were proposals for
articulation addressed in various disciplines including mathematics, geometry and statistical
methods applied to the analysis of patterns. I consider that interdisciplinarity is the path to this
connection, which depends on what each teacher develops and how they can contribute to
common action.

RC, A, R, IM: After reading and researching the documents provided in this training,
identified in them, I selected a project described in a chosen video, which is based on the
curricular reality of a technical school in the USA, to comment and demonstrate how using it
to illustrate interdisciplinarity in learning can be achieved. an enormous level of involvement
and motivation on the part of students who benefit from this teaching and learning method and
reach very high levels of performance. In addition to taking advantage of a diversity of
disciplinary viewpoints in collaborative teaching, they have the opportunity to receive feedback
on their work from more than one teacher and create their own specific domains. These skills
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acquired in the project were the result of a strong curricular articulation in the areas of Biology,
Mathematics and Computational Sciences.

VD, MF, AC: In the video I saw on Teaching, about the construction, I was able to vividly
witness the articulation of concepts and operations not only in Physics, but also in design
(through initial projection drawings, based on each person's ideas), language (with the correct
and unequivocal identification of elements and processes), presentation and public discussion
of ideas, virtual simulation, algebra, accounting, inventory and purchasing, etc. It was also very
curious to note that the teacher's work often involved motivation to independently adjust what
they had already done. For the students, it was interesting to see the very functional division of
tasks, which made many teams work in real companies. There is an opportunity here to expand
students' knowledge, skills and motivations, within a normality that so often seems to stagnate
and close them down. A more interdisciplinary approach involves using what is common to the
various disciplines.

AT: I believe that This task work in my training intended to support us in the work to be
carried out in approaching the theme of interdisciplinarity, which contributed significantly to
the ease in perceiving it and recognizing various certain themes from the point of view of the
various disciplinary areas to create the various disciplines in order to better address different
realities, in which an articulated vision is implied and where the various knowledge
complements each other based on their differences. Each future teacher can play a very relevant
role, based on their own interests and needs for relevant knowledge about the classes and we
transfer the subjects to other colleagues to cooperate in what we propose. There were proposals
for articulation with various disciplines, including mathematics, which is present in everything
and can be approached in different ways, geometry, and statistical methods being applied to the
analysis of patterns. The use of technological resources has the potential to facilitate work and
communication between the future teachers involved and products of joint work.

5. Discussion and Conclusion

To conclude, As these PTs did not yet have in-depth knowledge of the interdisciplinarity,
was confirmed being favorable this carried study as it is important in the contexts of initial
training experience focused on understanding the diversity prospective teachers evidences and
confirmed perceptions that recognized the importance of that allow as positive contribution of
their innovative aspects of interdisciplinarity that is therefore possible to state the use to reassure
the appropriate work of they knowledge and appreciation of the adequacy articulation of the
content and planning classes developed by groups. It is highlighted that they deepen the
understanding of this potential of several thematics and described interessant works done to
also accepting the use of specific integration of technology in teaching tool students that are
relevant in recent curricular objectives in teaching classrooms for carrying out significant
learning of fundamental ideas related to the topics in providing work, which reinforces the
important perceptions about this positive contribution use to develop mathematical, didactic
and pedagogical knowledge (Ponte & Quaresma, 2016). In particular, they explicited the
intention and possibility for improving processes of teaching practices when it favors to
possible use and applying them to promote students’ mathematical learning,

However, as this study is mainly focusing on Pts of mathematics didactics and curriculum
assessment, | argue a proposal to overcome another necessary study that will be performed
focus on other PTs training experiences, based on their offer opportunities to plan teaching and
learning situations with concrete experiences of interdisciplinary use with students, and also to
put these situations planed into practice, reflecting on their implementation in the classroom,
and also teacher training. Finally, this relevant carried out study assigns a central place to the
characteristics of initial training models, which can contribute to consolidating the importance
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of the better training process to enable PTs to promote competent professional learning in
promoting improvement students' learning of diverse areas thematic, using interdisciplinarity,
to bring them closer to the expected reality of their future practice of students at all levels of
schooling. And provide new elements to guide the scientific and educational community to
identify and understand the adequacy and potentialities of these principles for professional
learning of future teachers involved in training.

This relevant study, it is useful to recognize the effectiveness evidence of positive and
important development of this use addressed interdisciplinarity practice in the preparation of
professional knowledge of PTs on the training developed, as opportunities to showed they
knowledge and that it can encourage them to help progressively use of the integration of specific
digital technologies contexts in the teaching students course to help the effectiveness learning.
And provide elements to guide the necessary international professional scientific and
educational community to identify and understand the adequacy and potentialities of these
principles for professional learning of future teachers involved in training.
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Abstrakt

Zapis Cisla v danej pozi¢nej ststave a jeho prevod medzi roznymi poziénymi sustavami je
v matematike mozné realizovat’ viacerymi metédami, podrobnejSie su rozpracované tri
zakladné metddy prevodu — substitu¢na metdda, metdda delenia zdkladom a metoda nasobenia
zakladom. Podobne, aj k vyucbe uvedenej problematiky je mozné, a to uz na propedeuticke;j
urovni, pristupovat’ roznymi sposobmi. Za jeden z podmieniujucich faktorov mozno povazovat’
uchopenie obsahu matematického vzdelavania samotnym ucitel'om. Pri statickom vnimani je
tento obsah mozné prezentovat’ v podobe suboru faktov a vzorcov. Pri dynamickom vnimani
obsahu, je jeho spristupiiovanie zaloZzené na uceni prostrednictvom skumania procesov
a suvislosti. Tu je ziaduce, aby ucitel’ dokazal identifikovat’ nielen dynamické prepojenia vo
vnutri vzdeldvacej oblasti Matematika a informatika, ale aj jej prepojenia s d’al§imi
vzdelavacimi oblastami $kolskej edukacie. V &lanku s prepojenia s oblastami Clovek
a spolo¢nost’ a Umenie a kultura verifikované ukédzkami izomorfnych tloh, ktoré mozno zaradit’
do réznych skolskych i vol'no¢asovych aktivit. Dynamické spristupnenie uvedeného obsahu je
podporené autorsky spracovanymi appletmi pracujicimi na baze technologie rozsirenej reality,
ktord vyuZiva aj volne dostupny matematicky softvér GeoGebra. Clanok taktiez prinasa
parcialne vyskumné zistenia z pilotného testovania uc¢ebnej podpory pracujicej s technologiou
rozSirenej reality. Vysledky poukazuju na zaujem Studentov o préacu s touto technoldgiou
a podporu jej aktivneho zac¢lefiovania do pregradudlnej matematickej pripravy.

KPucové slova: interdisciplinarne vyucovanie, izomorfné slovné ulohy, rozsirena realita

A STATIC AND DYNAMIC VIEW ON NUMBER REPRESENTATION AND
ITS CONVERSION BETWEEN POSITIONAL NUMERAL SYSTEMS

Abstract

The representation of a number in a given positional numeral system and its conversion
between different positional systems can be performed using several methods in mathematics.
This article elaborates on three fundamental conversion methods: the substitution method, the
base division method, and the base multiplication method. Similarly, the teaching of this
topic—even at the propedeutic level—can be approached in various ways. One of the key
determining factors is how the mathematics education content is conceptualized by the teacher.
From a static perspective, the content may be presented as a set of facts and formulas. In
contrast, a dynamic perspective is based on learning through the exploration of processes and
interrelations. In this context, it is essential for the teacher to identify not only the internal
dynamic connections within the subject area of Mathematics and Informatics, but also its
interdisciplinary links with other educational domains. The article verifies interdisciplinary
connections with the domains of Human and Society and Art and Culture through examples of
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isomorphic tasks suitable for inclusion in both classroom and extracurricular activities. The
dynamic approach to the topic is supported by original applets utilizing augmented reality
technology, as employed by the freely available mathematics software GeoGebra. The article
also presents partial research findings from pilot testing of educational support materials using
augmented reality. The results indicate students’ interest in working with this technology and
support its active integration into undergraduate mathematics education.

Keywords: augmented reality, interdisciplinary teaching, isomorphic word problems

1. Uvod

Kompetentny ucitel’ matematiky je podla viacerych stadii chépany ako ucitel’ so Sirokou
Skalou vSeobecnych, odbornych a pedagogicky orientovanych vedomosti a zru¢nosti ako
aj s rozvinutymi afektivno-motiva¢nymi charakteristikami. (Blomeke et al., 2020; Novakova,
2020). Vedomosti a zru¢nosti ucitel’a sa dokazatel'ne prejavuji v jeho vykone, v zmysle kvality
vyucby. Podobne ucitelovo chapanie spristupiiovaného obsahu matematického vzdeldvania
ovplyviiuje vyber nim pouzitych metdd a prostriedkov. V statickom pohlade ucitel’ zobrazuje
matematicky obsah ako algoritmizovany subor faktov a vzt'ahov vyjadrenych vzorcami, ktoré
st zvladnute'né memorovanim. V dynamickom chépani obsahu, je jeho spristupiiovanie
zalozené na uceni prostrednictvom skumania procesov (Hannula et al., 2016).

Staticky i dynamicky pohlad na spristupnenie vzdeldvacieho obsahu v ramci Skolskej
aj vol'nocasovej matematiky dovoluje mnoZzstvo tém. Znich bude v dalSom texte
konkretizované prepojenie zapisu ¢isla v danej ¢iselnej pozicnej ststave a prevodu ¢isla medzi
¢iselnymi pozicnymi sstavami s nerovnakym zdkladom, a to naprie¢ viacerymi Skolskymi
vzdeldvacimi oblastami. Existenciu prepojeni medzi matematickym obsahom a obsahom
d’al$ich vzdeldvacich oblasti mozno identifikovat pomocou izomorfnych uloh, ktoré su v tychto
oblastiach kontextovo ukotvené. Podl'a Petracovej a Krausa (2005) vyjadruje izomorfizmus vo
vSeobecnosti vzt'ah medzi dvoma objektmi, resp. systémami, ktory poukazuje na Gplnt zhodu
alebo podobnost’ ich Struktar, resp. uplnu funkénu zhodu. Reed (1987), Amti a Retnowati
(2024) zhodne charakterizuji izomorfné slovné tlohy ako tlohy, ktoré napriek nerovnakému
konceptu slovne formulovaného problému, teda napriek rozdielnemu pribehu, speji k rovnake;j
stratégii rieSenia. Podl'a Tomovej (2015) izomorfizmus pomaha Studentom v ich ucitel'skej
priprave. Rizikom je vSak jednoduché napodobiiovanie postupov bez dostatoéného
porozumenia. NaSim zamerom je preto vychadzat zo znalosti matematického obsahu
a identifikovat’ moznosti podpory jeho dynamického zobrazenia, ktoré by umoznili skimanie
procesov sprevadzajucich zapis €isla ajeho prevod medzi ¢iselnymi sustavami s vyuzitim
technoldgie rozsirenej reality (ang. augmented reality, skr. AR).

2. Metédy zapisu cisla v danej pozi¢nej sustave a prevodu cCisla medzi cCiselnymi
pozi¢nymi sustavami

Nech je v danej ¢iselnej pozi¢nej stistave so zdkladom z € N, kde z > 1, dané nenulové
prirodzené ¢islo N radu £, t. j. jeho zapis pozostava z k + 1 Cislic oznafenych n; az ny, pre
ktoré plati 0 < n; < z. Podl’a vety o rozvoji prirodzeného ¢isla mozno takéto Cislo jednoznacne

zapisat' v tvare:
K

€Y () »
N = (ng_1ng—z .. 1Ng), = an—i-zk '
i=0
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Rovnost (1) zavadza skrateny zapis ¢isla N a rovnost’ (2) rozsireny, resp. rozvinuty zapis Cisla
N v danej Ciselnej pozicnej sustave so zakladom z alebo tiez v z-adickej sustave.

Podobne na prevod ¢isla medzi dvoma adickymi sustavami mozno vyuzit' viaceré metody, ku
ktorym patria substitu¢nd metoda, metdda delenia zakladom a metdda nasobenia zakladom.
Dalsie konkretizacie buda zacielené na ukazky prace s dvojkovou poziénou sustavou, ktorej
propedeutické vyuzitie, ako bude v nasledujucich prepojeniach demonstrované, mozno najst’
uz v ramci primarneho matematického vzdelavania.

Substitu¢na metoda dovol'uje nahradit’ zapis binarneho ¢isla N polynomom (3),

k
N = Z Moo 2870 = 28 +mp 12570 L4 13 28 + 15,22 + .20 + .20 (3)
i=0

pricom Cdislice n, az n, nadobudaju pre dvojkovu pozi¢nu sustavu len hodnoty z Ciselnej
mnoziny {0, 1}. Vyjadrenim stuctu ¢lenov polynomu v dekadickom zapise ziskavame prevod
binarneho c¢isla do desiatkovej pozicnej sustave. Konkrétnou statickou ukézkou pouZitia tejto
metddy je algoritmicky prevod binarneho zapisu ¢isla 10010 do dekadického postupom (4).

(10010), = 1.2* +0.23 + 0.22 + 1.2 + 0.2° =16 + 2 = 184, (4)

Dalsou pouzivanou metédou prevodu je metdda delenia zakladom. T4 spoéiva v deleni
daného prirodzeného ¢isla a jeho vznikajucich podielov zdkladom Ciselnej sustavy, do ktorej sa
zapis Cisla prevadza. Teda prirodzené ¢islo N, ktoré ma byt zapisané v dvojkovej ststave,
mozno delit’ celo¢iselne ¢islom 2 a zapisat’ v podobe podielu P; so zvySkom n, € {0, 1} (5).

K
N = Z Moo 2870 = (M. 2870 4y 2572 41322 + 1.2 + 10,29 - 2+ (5)
i=0 Py
Analogicky mozZzno pokraCovat’ delenim podielov P; az Py, konc¢iac nulovym podielom.
Vystupom prevodu do dvojkovej ststavy je Cislo N s pozicnym zdpisom Cislic
NgNg—1 NN Mg (6).

Py = (g2 2+ +n3.2' +1,.29 240y

P,
P, = (M. 283+ +n3.29 2 +n,
P3
= (6)
Peoy = (- 2°) -2+ my4
Pk
Pk =0.2+ Ng

Konkrétnou ukazkou pouZitia tejto metddy, napr. pri prevode €isla 18 do binarneho zapisu
je postup (7), ktory je aj v Skolskej matematike bezne zauzivany. V filom sa realizuje opakujice
sa delenie ¢isla 18 a jeho podielov zdkladom 2, pri ktorom vznikajice zvysky ny = 0, ny = 1,
n, =0, n; =0 an, = 1 umoziuju zapisat’ Cislo 18 v dvojkovej pozi¢nej stistave zapisom:
18 1o = (10010),.

18:2=92zv.0; 9:2=4zv.1; 4:2=22zv.0; 2:2=12zv.0; 1:2=0zv.1 (7)
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Metoda nasobenia zékladom dopiia predchadzajice postupy. Je uréenad na prevod
desatinnej Casti racionalneho ¢isla medzi dvoma ¢iselnymi pozicnymi sustavami. Majme ¢islo
M, pre ktoré plati 0 < M < 1, vyjadrené polyndmom (7) na & platnych ¢islic.

M= i n;. 2t (7

i=—-1

kde n_; az n_j st ¢isla z mnoziny {0, 1} pricom n_,, # 0. Po uprave opakovanym nasobenim
Ciselnym zakladom cielove] sustavy a ndslednom spisovani cislice na pozicii jednotiek
dostavame zapis desatinnej Casti ¢isla v dvojkovej pozi¢nej sustave (8).

M=n_12"14n_,224 - 4n_,.27%
M = 2—1(n_1 + n_,. 2-1 4 n_s. 272 4. 4 n_p. 2—k+1) /-2
M.2 =n_; +n_,. 271 4 n_s. 272 4 . 4 n_p. 2—k+1

Q1
Ql = 2_1(71_2 + Tl_3-2_1 + 0 . 2—k+2) / 2
Q1.2 =n_,+n_3.27  + o +n_,. 272
Q2

(8)
Qur=2"1n_,+0 /-2

Qr-1-2 =Ny
Pouzitie tejto metody pre prevod ¢isla 0,375 do binarneho zépisu je uvedené v nasledujice;j

schéme (schéma 1).

Schéma 1. Prevod ¢isla 0,375 do dvojkovej stistavy metddou ndsobenia

(0,375)10 (0,011),
0375.2 =0,75 =0+0,75
075.2 =15 =1+05
05.2 =1 =1+0

3. Prepojenie s dejepisnym komponentom oblasti Clovek a spolo¢nost’

V historickom kontexte mozno identifikovat prepojenia na uvedené¢ metdody zéapisu
a prevodu ¢isla medzi dvoma adickymi stistavami v roznych historickych obdobiach.

Pouzitie polynomického rozkladu ¢isla mozno najst’ uz v egyptskom spdsobe nasobenia
zaznamenanom na Rhindovom papyruse (Cizmar, 2017). Tento je zaloZeny na bindrnom zéapise
jedného z initefov, kde sa vjednom stipci realizuje postupné zdvojnasobovanie hodnot
pocinajuc ¢islom 1 akonciac najbliz§im ¢islom, ktoré je menSie nanajvys rovné danému
Cinitel'u. Postupne sa tak vytvara zapis prvych k ¢lenov postupnosti {2"};_,. Ten dovol'uje
ngjst’ jednotlivé c¢leny polynomického rozkladu daného cCinitela postupnym od¢itanim
najbliz§ich mens§ich mocnin ¢isla 2 od vznikajucich rozdielov (schéma 2).

Schéma 2: Zdvojnasobovanie dosiahnutého ¢isla podla egyptské sposobu nasobenia

1810 10010,
1 =20 1|0
4 2 =2! 1
4 =22 10
g =22 |0
vii16 =2¢ 1
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V uvedenej schéme je 24 najvys$sou mocninou zikladu 2, ktord je mensia nanajvys rovna
danému ¢islu 18. Tuto mocninu teda mozno vyuzit’ v polynomickom rozklade ¢isla v podobe
jej jedennasobku. Preto riadok v schéme oznacime, resp. priradime mu hodnotu 1. Po od¢itani
(18 — 16 = 2) opitovne odhadujeme vzniknuty rozdiel najblizSou menSou mocninou, tomto
pripade rovnou mocninou 2!. Riadok obsahujici uvedent mocninu opit’ ozna¢ime, hodnoty
od¢itame (2 — 2 = 0) a v pripade, ak by bol novovzniknuty rozdiel nenulovy, postup znova
zopakujeme. Po ukonceni od¢itania priradime zvy$Snym mocnindm hodnotu 0 chapana ako
nulovy nasobok mocniny v polynomickom rozklade hladaného &isla. Cislo 18 je teda mozné
zapisat’ ako stdet ¢isel 16 a 2, tiez ako sticet mocnin 2% a 2!. Podl'a vztahu (3) m4 skrateny zapis
¢isla 18 v dvojkovej sustave ¢islicu 1 na pozicii 4. a 1. radu, pricom ostatné pozicie obsahuju
Cislicu 0.

Izomorfnt tlohu prepajajucu tento, v historii znamy, postup prevodu ¢isla so Skolskym
matematickym obsahom moZno najst’ v u¢ebnici matematiky pre 3. roénik ZS (Hejny et al.,
2009, s. 81): Bilandsku sumu ménime na A-grose pomoci prevodu: Bg = 2 Ag;, Cg = 4 Ag;
Dg =8 Ag; Eg =16 Ag, Fg = 32 Ag. Vyjadri jako bilandskou sumu 18 Ag.“. Tu je potrebné
doplnit, Ze jednou zo zakladnych poziadaviek platby v bilandskej mene je vyber najviac jedne;j
mince danej hodnoty, ktord bude v platbe vyslednej sumy pouzita. Algoritmické rieSenie tllohy
(schéma 2) mozno v dynamickom pohl'ade na sledované procesy v tlohéach tohto typu skiimat’
s prepojenim na informatiku a s vyuzitim AR. V snahe vyhnut’ sa duplicite je uvedeny pohl'ad
konkretizovany v Casti 5.

Z historického pohl'adu ponuka pragmatické vyuzitie d’alSej, nami popisovanej metoddy
delenia zdkladom, ruské, niekedy oznacované ako ,,sedliacke alebo ,;rolnicke* ndsobenie
(Porubsky, 2009). Ruské ndsobenie je jednym z moznych spoésobov nasobenia dvoch
prirodzenych ¢isel, ktoré vyZzaduje schopnost’ aplikovat’ metodu delenia zakladom 2 na jednom
z ¢initelov. Pomocou nej sa opakovanym delenim dvomi rozklada jeden z ¢initelov, pricom st
sledované zvySky po deleni, resp. sleduje sa ich parita. Vysledny bindrny zapis ¢isla mozno
tvorit’ spisanim zvyskov po deleni v poradi odzadu dopredu, resp. zdola nahor (schéma. 3).

Schéma 3: Opakované delenie ¢isla 18 na polovice v ruskom spdsobe nasobenia

1810 = 10010,
18:2=9 zv.0
Vil 9:2=4 2zv.1
4:2=2 zv.0
2:2=1 zv.0
Vi 1:2=0 zv.1

Aj v tomto pripade je jeden z moznych dynamickych pohl'adov na uvedeny algoritmus
popisany s prepojenim na informatikou a pracu s AR v casti 5.

Pri ostatne zmienovane] metdde nasobenia zdkladom je moZné ngjst’ sty¢né elementy
binarneho zépisu desatinnej Casti racionalneho ¢isla s egyptskym spdsobom zapisu zlomkov.

Podl'a Vymazalovej (2004) boli u Egyptanov v tomto ohl'ade svojim zapisom Specifické

1 1 1

zlomky %, " — a i, nazyvané tieZ zlomky Horovho oka. Kazdy zlomok mal vlastny

> 8 16’32 64

znak, odlisny od bezne pouzivanych egyptskych zlomkov a popisoval jeho jednu konkrétnu
cast’ (obr. 1). Predpoklada sa, Ze tieto zlomky vznikli v procese poltenia celku a v starovekom
Egypte sa vyuZivali vyhradne pri merani objemu a s nim stvisiacimi prepo¢tami objemovych
jednotiek. Podl'a dochovanych zdznamov bolo pre Egyptanov zdvojnasobovanie zlomkov
Horovho oka jednoduché a vysoko praktické (Becvar et al., 2003; Vymazalova, 2004).
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Izomorfné ulohy vyuzivajuce takéto prepojenie histérie a matematiky mozno
propedeuticky zaradit' do vyu¢by matematiky v 2. cykle ZS, kde je v rimci matematickych
vzt'ahov pozadované pochopenie ekvivalentnosti zlomkov na réznych modeloch a ich
vyuzivanie pri s¢itani a odc¢itani v obore kladnych cisel (obr. 1).

Znak Horovho oka sa pouzival uz v starovekom
Egypte na vyjadrenie Casti celku. Skus to aj ty.

I~
%&Dﬁ

Obrazok 1. Prepojenie vzdelavacich oblasti Matematika a informatika s oblastou Clovek
a spolo¢nost’ izomorfnymi tlohami.

Uloha:
Vyfarbi Cast’, ktora zodpoveda Z.

V sumarizacii dejepisného komponentu vzdelavacej oblasti Clovek a spoloénost pre
2. cyklus ZS mozno konstatovat, e v siiéasnosti overovanom Statnom vzdeldvacom programu
pre zékladné vzdelanie (d’alej len SVP) sa nachadza poziadavka charakterizovat’ vybrani
staroveku civilizdciu aj s ohl'adom na dosahovanu troven starovekého poznania vied, napr.
matematiky (NIVAM, 2023). Je na skodu veci, Ze v nadvédzujucom cykle, ustupuje poznanie
historického vyvoja vied do pozadia pred geopolitickymi, hospodarskymi a kultarno-
spolocenskymi charakteristikami jednotlivych obdobi a to na urovni poznania jak svetovych,
tak aj narodnych dejin.

4. Prepojenie s hudobnou vychovou v oblasti Umenie a kultura

Druhou oblast'ou, na ktord sme v ramci hl'adania prepojeni s rieSenou problematikou
zamerali bola hudobna vychova za¢lenend do oblasti Umenie a kultura.

Elementy pouzivania dvojkovej ststavy mozno identifikovat’ aj v jej obsahu, kde podla
SVP je pri uréovani hodnot hudobnych nét su¢asne rozvijana matematicka, ¢itatel'ské i vizualna
gramotnost’ (NIVAM, 2023). V 1. cykle ZS sa od ziaka ogakéava hra podl'a grafickej partitary
¢1 z notového zdpisu v Stvrtovych a osminovych hodnotach. To zo sebou prinaSa zékladné
poznanie o dizke trvania tonov, pre ktoré plati, Ze jedna nota viésej hodnoty (¢o do trvania)
zodpovedd dvom notam najblizSej mensej hodnoty. V 2. cykle pribtida poZziadavka hry
z notového zéapisu v polovych hodnotich a v 3. cykle je uZ pri hre na hudobnom nastroji
pozadované aktivne a vedomé pouzivanie hudobného pisma v podobe klasickej notacie
a akordickych znaciek (NIVAM, 2023).

Pri urcovani hodn6t hudobnych noét je na hodinadch hudobnej vychovy ¢asto vyuzivana tzv.
rytmicka pyramida, v ktorej mé podl'a zavedeného pravidla cela nota hodnotu dvoch polovych
noét, polova nota dvoch Stvrtovych ndt, Stvrtova nota dvoch osminovych nét atd’. (obr. 2).

O 29 =1 cela nota
J J 21 = 2 polové noty
/N 7N\
J1J )| 2% = 4 §tvrtové noty

AN AN AN AR -
DIDD[D22] 2 = 8 osminovych not

Obrazok 2. Rytmicka pyramida
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Prepojenost’ oblasti mozno deklarovat’ izomorfizmom ulohy kontextovo suvisiacou
s oblastou Umenie a kultara: ,,Zistite, kolko Sesnastinovych, resp. dvaatridsatinovych not ma
hodnotu celej noty. a slovnej ulohy rieSenej na hodindch matematiky: ,, Preloz papier A4 na
polovicu. Tu polovicu preloz opdt na polovicu. Pokracuj takto dalej. Eviduj, kolko vrstiev
vzniklo kazdym prelozenim.” (Hejny et al., 2022). V oboch tlohach totiz existuje stratégia
rieSenia vyuzivajuca rovnaky matematicky model.

5. Prepojenie sinformatikou v ramci oblasti Matematika a informatika s vyuzitim
digitalnych technologii

Tret'ou oblast'ou, v ktorej bolo mozné identifikovat’ prepojenia s rieSenou problematikou
a ktord navySe pontka moznost dynamizovat uvedené¢ postupy pouzitim digitadlnych
technoldgii je oblast matematiky a informatiky. Konkrétne v informatike je binarny kod
klicovym stavebnym prvkom, ktory dovol'uje prispdsobit’ vyjadrenie informacie moznostiam
daného technického zariadenia. Pri praci s elektrickym signdlom v pocitacoch sa popisuju dva
stavy ,,zapnuté® (1) a ,,vypnuté* (0), pricom vsetky data a inStrukcie st prevadzané do tejto
binarnej formy vyuZzivajicej matematické principy dvojkovej pozi¢nej sustavy.

V $vajciarskych uéebniciach informatiky je propedeutika zapisu ¢isla v dvojkovej pozicnej
sustave zaradend do vyucby v ramci primarneho stupna vzdelavania (Dagiene et al., 2021;
Hromkovi¢ & Lacher, 2019). Ulohy st situované do krajiny BIN, v ktorej prebichaju platby len
pomocou dostupnych minci v hodnote 1, 2, 4, 8, 16, 32 a 64, teda nasledujica minca ma vzdy
dvojnasobnu hodnotu ako predchadzajica, priCom pri platbach plati pravidlo najmensieho
poctu minci. Poziadavka zaplatenia sumy 50 v BIN je vysvetlend dvoma sposobmi. Prvy z nich
(obr. 3) koresponduje s pouzitim substitu¢nej metddy zapisu Cisla v dvojkovej pozi¢nej sustave.
Druhy sposob platby (obr. 4) koreSponduje s pouZzitim metody delenia zékladom.

50=@+18 so=@++z 50=@++@

Obrazok 3. Platba v krajine BIN modelovana substitu¢nou metdédou
Zdroj: (Hromkovi¢ & Lacher, 2019, s. 58)

00 ogpe
Hoqoosanaoats
e
32

Obrazok 4. Platba v krajine BIN modelovana metdédou delenia zdkladom
Zdroj: (Hromkovi¢ & Lacher, 2019, s. 59)

S
O-O-O-O-05
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Uvedené postupy je mozné dynamizovat’ viacerymi sposobmi. Jednym z nich je redlne
pouzitie minci, resp. ich modelov. Pomocou nich mozno demonstrovat’ pouzitie metody delenia
zdkladom postupnym skladanim minci na képky kopirujic postup (obr. 4). Dalsou moZnostou
je vyuzitie digitadlnych technologii, ktoré umoziujt nielen realizovat’ numerické vypocty, ale aj
experimentovat’ a objavovat’ nové poznatky, modelovat’, prezentovat’ a zdiel'at’ matematicky
obsah (Wossala & Seidlova, 2022). AR technolédgia k tymto moznostiam priddva prepojenie
skuto¢ného a virtualneho prostredia, v ktorom skuto¢né a virtualne objekty koexistuju (Di Serio
et al., 2013) a Ziak s nimi méZe priamo alebo nepriamo interagovat’ (Hnatova, 2023).

Praca s AR technolégiou je podporovana aj vol'ne dostupnym matematickym softvérom
GeoGebra (https://www.geogebra.org). Zamerom v tomto prostredi vytvorenych AR appletov
(t.j. appletov podporujtcich inkorporaciu AR do matematickej edukacie) bola dynamicka
vizualizécia algoritmov prevodu Cisel z desiatkovej do dvojkovej sustavy a spét’ (obr. 5 - hore)
a prevodu Cisel medzi ¢iselnymi sustavami s roznym zakladom (obr. 5 - dole).

Obrazok 5. Ukazka dynamicky spracovaného prevodu ¢isla 7 z desiatkovej do dvojkove;j
Ciselnej stistavy a jeho zépisu v Ciselnej stistave so zakladom 2, 3 a 4 pomocou AR.

Celkovo pét appletov zameranych na zapis Cisla v pozi¢nej ststave a na prevod ¢isla medzi
dvoma pozi¢nymi sustavami, vybranych z autorsky vytvorenej databazy AR appletov (Hnatova
et al., 2024), bolo hodnotenych v pilotnom testovani, a to Studentmi bakalarskeho Studijného
odboru predskolska a elementarna pedagogika (N = 20) a Studentmi magisterského Studijného
odboru ucitel'stvo pre primarne vzdelavanie (N = 19). Nasledne, v dotaznikovom Setreni, na
desatbodovej Likertovej skdle srozlozenim od 1 — tUplnd spokojnost az 10 — uplna
nespokojnost’, tito Studenti hodnotili svoju pouZzivatel'skll skiisenost’ s jednym z vybranych AR
appletov (tab. 1). V polozkach s otvorenou odpoved’ou sa taktiez vyjadrili k nimi zistenym
pozitivam anegativam. Vysledky spolahlivosti vyhodnocovanych poloZziek merané
Cronbachovym a (Crombach alpha = 0,8579; Standardiz. alpha = --,9237) naznacuji vysoku
reliabilitu merania.

Tabulka 1 Parcidlne vysledky vybranych poloziek dotaznikového Setrenia.

. Priemer | Priemer | Priemer T R e e G
Kod I N sy 12 | s413 | S4 14 L 2 5 4 56 75 3w
djjar89s 20 2,32 2,89 2,71 wn - i
qm2c4z72 | 5 6,20 1,60 1,40
vqwisidu | 5 | 1,60 1,80 3,00 | = [
ysruhegm | 2 5,00 1,00 1,00 e . o
zagnwbbd | 7 4,46 3,29 4,43
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V podla zistenych parcidlnych vysledkov tykajicich sa uvedenych appletov mozno
konsStatovat’, ze praca s appletmi v AR bola pre Studentov relativne novou skusenostou
(Xs4 12 = 2,45). Vyznamné rozdiely boli identifikované medzi Studentmi bakalarskeho
Studijného odboru predSkolska a elementarna pedagogika, ktori seminar povinne volitelného
predmetu Matematika a pocita¢ absolvovali, a Studentmi, ktori tento predmet neabsolvovali.

Vysokt mieru spokojnosti s funkénost'ou vybraného appletu vyjadrilo priemerne 8 z 10
Studentov. V zodpovedajucej polozke S4_13 bol dosiahnuty priemer Xg4 13 = 1,97 s rozsahom
udajov v intervale [1,5].

Porovnatel'n mieru podpory vyslovili Studenti zaradeniu testovanych appletov do d’alsej
vyucby (Xs4 14 = 2,00). Kladne hodnotena bola farebna rozliSiteI'nost’ objektov, dynamika
vizualizacie, moznost’ zachytenia vysledkov Cinnosti snimkou alebo kratkym videom. Na
ukéazku uvaddzame autentické sumarne hodnotenie Studentky Anky:

., Zvoleny applet povazujem za velmi dobru a efektivnu didaktickii pomécku pri
prvom kontakte s inou pozicnou sustavou, pri zapisovani cisel, pri ich rozklade a
skladani. V 3. rocniku je uz podla mojho nazoru pre Ziakov vhodné prejst' od
"klasickej" manipuldcie s predmetmi k tomuto digitilnemu sposobu. Pre Ziakov
by bola praca s tymto appletom, obzvlast pri hre, putava a zaujimava. *

Pripomienkované boli technické problémy s nacitanim vodorovnej plochy pre zobrazenie
objektov v rozsirenej realite, ked’ze applety pracuju s Anchor-based AR, ktord vyzaduje
ukotvenie virtudlnych objektov v redlnom prostredi pomocou povrchovej referencnej kotvy.
Pripomienkovana bola tiez dlhsia ¢asova odozva pri praci s konkrétnym mobilnym zariadenim
a appletom, ako aj potreba priblizit’ alebo oddialit’ scénu s objektmi znazornenymi v roz$irenej
realite kvoli optimalizécii zobrazenia ich velkosti. Ukézkou je komentar Studentky Betky:

,,Zobrazenie guliciek bolo obcas velmi nepresné, kedze sa zobrazovali bud’ prilis
blizko alebo daleko, preto bolo potrebné znovu nacitat’ povrch alebo zoomovat,
aby bolo vidiet zretelny pocet guliciek rozlozeného cisla. Inak praca s appletom
bola jednoducha a urcite vhodna pre Ziakov 1. stupnia. Ucitelka ma vela moznosti
na pracu v oblasti matematiky a rieSenia vztahov.

6. Zaver

V stiéasnosti zavadzany SVP pracuje s viziou troch pilierov kurikula stojacich na
zakladoch, ku ktorym tieZ patri ,,prostredie bohaté na digitdlne technoldgie, ktoré efektivne
a bezpeCne vyuzivaju ucitelia i1ziaci vo vychove a vzdeldvani.“ (NIVAM, 2023, s. 4).
S konkretizovanym a zmysluplnym vyuzivanim digitalnych technologii by sa mali Studenti —
buduci pedagdgovia stretnat’ uz v ramei svojej pregradudlnej pripravy. Konkretizacia vyberu
vhodnych tematickych oblasti pre inkorporaciu AR do matematickej edukacie je diskutovana
vo viacerych stadiach (Hnatova et al., 2024; Liptak, 2024; Mokri$ et al., 2023; Pridavkova,
2023). Zmysluplnost’ vyberu je v kontexte tohto ¢lanku vnimand ako podpora prechodu medzi
statickym a dynamickym spristupiiovanim matematického edukacného obsahu.

Dosahovanie hlavnych cielov zékladného vzdelavania je deklarované prostrednictvom
»vyucovania zameraného na nadobudnutie doménovych a prierezovych gramotnosti*
(NIVAM, 2023, s. 5), ¢im je zaroven deklarovana potreba, priam nutnost’ vzajomne prepajat
jednotlivé vzdelavacie oblasti. V primarnej matematickej edukacii moézu ako spdjajuce
elementy sluzit izomorfné slovné ulohy, ktoré napriek réznym kontextom zasahujiicim do
roznych vzdelavacich oblasti, veda k jednotnej stratégii ich matematického rieSenia.
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Ukazuje sa, ze schopnost’ identifikovat’ izomorfné ulohy, riesit' ich a spolu so ziakmi
odhal'ovat’ suvislosti medzi nimi v réznych vzdelavacich oblastiach aj s pomocou digitalnych
technologii, sa stava pre buduceho pedagoga pdsobiaceho v primarnom vzdeldvani,
nevyhnutnostou.
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Abstract

The paper explores how mathematics can be applied in real-life situations for primary
school students by creating tasks that connect mathematical learning to everyday contexts.
This approach is grounded in the concept of Contextual Teaching and Learning (CTL). The
aim of the paper is to introduce the CTL concept and examine its potential in primary
education. Specifically, the article focuses on the use of Education Live Action Role-
Playing (EduLARP) as a method for implementing CTL in primary-level mathematics
education. The EQULARP method has been chosen as the main method for introducing CTL
in our research. Additionally, the paper presents examples of international mathematical
EduL ARP projects.

Keywords: mathematics, contextual teaching and learning, EQuLARP, primary education

1. Introduction

Improving the quality of education is also a priority in the Slovak educational
environment, where systematic efforts to enhance educational outcomes - including in
mathematics - are evident. One such initiative is the proposal by the State Pedagogical
Institute, which developed the document Concept for Improving Mathematics Education in
Primary and Secondary Schools in the Slovak Republic (2019). This document is based on
the results of the PISA and TIMSS assessment studies and highlights the dissatisfaction of
employers who believe that graduates are insufficiently competent in applying acquired
knowledge to real-life situations.

The document presents recommendations, including the need to actively involve
students in mathematical activities, promote learning through the application of knowledge
to real-life situations, and establish connections between mathematics and other subjects.
The emphasis on learning for life is also reflected in the current curriculum reform. This
reform aims to shift the focus from memorization and rote learning to contextualizing
knowledge, with the goal of deepening the learning process and developing the ability to
make connections and apply knowledge in various contexts (Ministry of Education,
Research, Development and Youth of the Slovak Republic, 2023). This idea has been
addressed in the context of mathematics education by Costello (2022), who described
students' mathematical problem-solving as blindly following procedures. This phenomenon
manifests in the educational process as a gap between lesson objectives and the actual
learning experiences achieved by students, as they apply mathematical operations in an
automated manner — without deeper reflection. According to the author, the problem lies in
the lack of real-life context.
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Considering these findings, we decided to explore ways to strengthen mathematical
knowledge and skills among younger students. We chose the EduLARP method to
implement tasks set in real-life situations, based on the concept of learning in context. The
potential of this method in Slovakia was discussed by Grencikova, PetruSova, and Krajco
(2018), who found that its application in the Slovak educational context is currently
minimal.

2. The Concept of Contextual Teaching and Learning in Educational Processes

According to Johnson (2002) CTL is a pedagogical approach that suggests meaning
emerges from the relationship between content and its context. The broader the context in
which learners can make connections, the more meaningful the content becomes to them.
The teacher's role is to provide this context for students. CTL facilitates the linking of
learning content to real-life situations. It is recommended to be taught in an integrated,
multidisciplinary manner, enabling students to apply the knowledge and skills they have
acquired in applicable contexts (Berns & Erickson, 2001). The goals of education should
extend beyond the acquisition of knowledge to its practical application (Johnson, 2002).

The implementation of contextual learning into the educational process can be achieved
through active and authentic learning techniques (Hudson & Whisler, 2007; Blanchard,
2001; Osika et al., 2022). According to Meyers and Jones (1993), active learning techniques
transition learners from passive recipients to active participants, thereby maximizing the
impact of learning on students. Bean (2011) recommends employing case studies, role-
playing, small group work, and creative activities that develop thinking skills and can be
applied to specific situations.

In addition to the previously mentioned use of active and authentic learning techniques,
specific Contextual Teaching and Learning (CTL) strategies are identified. Blanchard
(2001) includes: emphasizing problem-solving; recognizing the need for learning in
context; teaching students to monitor and manage their own learning; embedding instruction
in students' life contexts; promoting peer learning; and employing authentic assessment.

Johnson (2002) identified eight components of CTL that complement Blanchard's
(2001) strategies. Both authors agree on the necessity of guided and reciprocal learning,
authentic assessment, and linking learning to meaningful life contexts. Additionally,
Johnson (2002) highlights collaboration, the development of critical and creative thinking,
and the pursuit of improved performance as essential components of CTL.

Research by Selvianires and Prabawanto (2017) and Spooner (2023) offers
recommendations for effective CTL implementation. Both studies emphasize, alongside
collaboration and activity (as noted by Johnson, 2002), the integration with other content
areas to provide students with more complex contextual understanding.

Interdisciplinarity in mathematics education has been the subject of scholarly studies,
including the work of Dewolf et al. (2011), building upon the research of Silj6, Riesbeck,
and Wyndhamn (2009). The researchers investigated the impact of the subject taught on
students' problem-solving abilities. The results revealed significant differences in solving
the same problem across two different teaching subjects. The authors interpreted this
difference as a result of expected and typical responses in mathematics instruction, where
students accept numerical solutions without considering the broader real-world context —
a claim also made by Costello (2022). Research suggests the need to develop more authentic
tasks that simulate real-world problems and integrate interdisciplinary approaches into
mathematics education. This integration aims to extend students’ mathematical thinking
beyond the confines of the mathematics classroom.
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The aforementioned strategies for effective CTL implementation ’re complementary
and overlapping. Therefore, the REACT strategy — comprising Relating, Experiencing,
Applying, Cooperating, and Transferring — can be considered a unifying CTL framework.
According to Herlina (2022) and the Center for Occupational Research and Development
(CORD, 2023), REACT serves as the primary CTL strategy.

REACT encompasses the elements identified by Blanchard (2001), Johnson (2002), and
Selvianiresa and Prabawanto (2017), forming a coherent CTL approach. We present this
strategy and its components in more detail in Table 1.

Table 1. REACT Strategy
REACT

Relating the context of everyday life enables students to connect familiar situations
with new knowledge;

IR O LTl the method for developing knowledge involves exploration, discovery, and
problem-solving;

2N U0 Tl learning through the application of new concepts and information within
real-life contexts;

(O Io%1s 1 T.@l sharing, responding, and communicating with peers through group
activities and projects;

RN (gel il applying acquired knowledge to new situations and contexts.

The components of the REACT strategy should be integral to every teaching unit that
embodies the core principles of the Contextual Teaching and Learning (CTL) approach.

3. Elements of the EAuLARP Method

Building upon the recommendations for integrating Contextual Teaching and Learning
(CTL) into the classroom, we have chosen to implement this concept through the EQuLARP
method. EAuLARP evolved from traditional Live Action Role-Playing (LARP) games
(Stark, 2012). Backman (2003) defines LARP as a role-playing game in which participants
assume the roles of characters and enact a fictional narrative. In academic literature, two
variations of the term exist: the capitalized "EduLARP" (e.g., Mochocki, 2013; Veselkova,
2017) and the lowercase "edularp" (e.g., Sandberg, 2004; Stark, 2012; Geneuss, 2019;
Ronnasen, 2022). According to Stark (2012), the differences in terminology arise from the
domestication of the term "LARP." In Nordic countries (Finland, Sweden, Denmark,
Norway), "LARP" has been adapted into the language as a full-meaning word, like how
"laser" (Light Amplification by Stimulated Emission of Radiation) and "radar" (Radio
Detection and Ranging) are used and is written without capital letters.

In the context of EQuULARP, participants are divided into:

e Player Characters (PCs): Students who actively participate in the game by assuming

roles and improvising within the narrative, thereby applying their learning in
dynamic, real-world scenarios.

e Non-Player Characters (NPCs): These participants do not engage in the game
through character roles. Instead, they facilitate interactions with PCs, possessing
crucial information that can be revealed to the PCs at strategic points during the
game.

74



Elementary Mathematics Education Journal 2025, Vol. 7, No. 1
ISSN 2694-8133

e Game Master (GM): The GM oversees the entire game, providing NPCs with
instructions as needed to ensure the smooth progression of the narrative and
gameplay.

In the educational context, the term EAduLARP is used to denote a specific category of
LARP games designed for pedagogical purposes (Maragliano, 2019). EQuLARP refers to
a form of role-playing that conveys predetermined educational content (Balzer & Kurz,
2015). According to Hyltoft (2010), an educational EduLARP game must fulfill the
following criteria:

e Educational Goal: The primary element of an EQuLARP game, applicable across
various lesson types — whether introducing new knowledge (Hyltoft, 2010;
Mochocki, 2013) or reinforcing learning (Kundrat, 2022);

e Live Action: The game is based on interactive participation among individuals;

e Role-Playing: Incorporation of role-playing elements, including a narrative,
characters, and rules (Hyltoft, 2010).

The structure of EQuULARP can be examined concerning its phases (Maragliano, 2019)
and its organization (Balzer, 2009; Kundrat & Dolecek, 2014). Specifically, Maragliano
(2019) delineates the phases of EQuLARP into five parts (Figure 1).

> Ice-breaking > Workshop > Game > Deroling > Debriefing >

Figure 1. Phases of EQuLARP

e Ice-Breaking Phase: This phase focuses on preparing the group and creating
a welcoming atmosphere. Preparatory activities are used to establish a non-
judgmental environment conducive to open participation;

e Workshop Phase: Participants are introduced to the rules and boundaries of the
game. During this stage, they become familiar with their assigned roles and the
structure of the EQuLARP;

e Game Phase: This is the core stage, during which the EduLARP is actively
implemented, and participants engage in role-playing based on the defined narrative
and objectives;

e Deroling Phase: This phase facilitates the transition out of character, allowing
participants to gradually return to their real identities after the game concludes;

e Debriefing Phase: In this reflective phase, participants provide feedback and discuss
their experiences. It serves to process the emotional and cognitive impacts of the
game. This includes areas of reflection such as Emotions, Individual experiences,
Analysis of the gameplay, Contextualization and real-life connections,
Generalization, Educational insights (Maragliano, 2019).

The organizational structure of EQULARP design has been addressed by various authors,
including Balzer (2009) and Kundrat & Dolecek (2014). A detailed classification of the
organizational steps proposed by these authors is presented in Table 2.
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Table 2. Organizational Structure of EQuLARP

EduL ARP Organizational Structure

IS¢ EVEI0) B BRIl The requirements of the game should be specified before the start of
constraints development (e.g., number and type of participants, age category).

Educational Define the educational content and objectives that the game is
content intended to convey.

Define elements related to the game's story, such as the selection of
Creation phase - a key theme or fictional world, choice of genre, development of the
Storytelling initial concept, and creation of characters (with the option for
players to complete or customize their characters).

Game mechanics Define the rules of the game, including both regulatory and
constitutive elements.

External settings Identify the elements related to the game that are not an immediate
part of gameplay (e.g., preparation, warm-up, debriefing).

Game materials Specify the materials and texts that players will have access to
before, during, or after the game.

These categories can serve as inspiration for the development of original EduLARP
games. Balzer (2009) emphasizes that the number and structure of these categories can be
adjusted to suit the specific needs of an individual EdQuLARP.

In Slovakia, EduLARP has received minimal attention, as noted by Grencikova,
PetruSova, and Kraj¢o (2018). In contrast, some of Slovakia’s neighboring countries have
shown slightly more interest in this educational approach. In Poland, the pedagogical
potential of EduLARP was discussed by Mochocki (2013), who attributes the initial
mention to the literary playwright Szej. Szej argued that Tabletop Role-Playing Games
(TTRPGs) could lead to similar educational outcomes as dramatic techniques. Despite this,
Mochocki (2013) highlights that the method remains largely unfamiliar within the Polish
educational context and stresses the need for broader awareness.

In the Czech Republic, EAuLARP development is supported by the organization
EduLudus, which is dedicated to the creation and implementation of educational LARP
games. In 2018, EduLudus developed and validated five EQuULARP games — Magic Guilds,
Mesozoic Park, Orteg’s challenge, Singularity, TeraforMars — focusing on mathematics at
the lower secondary level, with interdisciplinary links to other science subjects (EduLudus,
2018).

4. Methodology

Based on the literature reviewed, our research focuses on a model of contextual learning
aimed at strengthening the mathematical thinking of primary school students through real -
life contexts. Drawing from theoretical knowledge of CTL strategies and the organizational
phases of EQuLARP, we will design a mathematical EQULARP aligned with the 4th-grade
primary education curriculum objectives and requirements. Specifically, we are interested
in:
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e The problem-solving procedures employed by students when addressing problems
that simulate real-life situations;

e The relationship between the type of mathematical problem and students' ability to
apply knowledge in solving it;

e Students' evaluation of the EQULARP educational environment and the EduLARP
method itself.

We have chosen qualitative research, employing the Design-Based Research (DBR)
methodology. This approach was inspired by the STARS (Student Activating Role-playing
Games) study, which applied this methodology to validate EQULARP games in primary
schools in Bavaria (Geneuss, 2019). The DBR methodology involves iterative cycles of
design, implementation, analysis, and refinement to create effective educational
interventions. The stages of our research correspond to the characteristics of DBR and
include:

1. Designing a mathematical EQuLARP;
2. Creating mathematical tasks that connect real life with mathematics;

3. Conducting a DBR cycle to validate the difficulty of the mathematical tasks —
Implementing the tasks in classroom settings, collecting data on student
performance, and analyzing the appropriateness of task difficulty.

4. Qualitative Analysis of Collected Data — analyzing students' solutions, responses,
and observation sheets to assess problem-solving procedures.

5. Implementation of Mathematical EQuLARP

6. Analysis of Results — Evaluating the EQuLARP game through: Qualitative content
analysis of students' answers, Analysis of written solutions, focusing on problem-
solving procedures, Examination of observation sheets to identify patterns;

7. DBR Interventions — Implementation of new elements — refining and enhancing the
EduLARP intervention based on analysis results, incorporating new elements to
improve effectiveness.

8. The final mathematical EQULARP game.

5. Conclusion

The analysis of the theoretical foundations of the CTL suggests that its application in
primary-level mathematics education can effectively facilitate the transfer of knowledge to
real-life contexts. We assume that the experiences gained through the EQuLARP game,
along with individual role-playing activities, can enhance students' understanding of how
mathematics is used in practical, everyday situations.
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Abstrakt

Matematickd kompetencia je schopnost’ rozvijat' a aplikovat’ matematické myslenie na
rieSenie r6znych problémov v kazdodennych situaciach. Zahtna schopnost” a ochotu pouzivat
matematické modely myslenia a rézne reprezentacie. Analyza vedeckych prac poukazuje na
existenciu viacerych pristupov k vymedzeniu matematickej kompetencie a jej modelov
tvorenych réznymi komponentami. Matematicka kompetencia Studentov - budtcich ucitelov
moze byt rozvijana integraciou technoldgie rozsirenej reality do edukacie (Augmented Reality—
AR), ktord podporuje porozumenie abstraktnych matematickych pojmov, aktivne ucenie
a zvySuje motivaciu. Parciadlne vysledky realizovanej analyzy produktov Studentov, budtcich
ucitelov na primarnom stupni vzdelavania, naznacuju potencial technologie AR pri rozvijani
vybranych komponentov matematickej kompetencie.

Klacové slova: matematickd kompetencia, priprava ucitelov, primarne vzdeldvanie,
technolodgia rozSirenej reality

MATHEMATICAL COMPETENCE AND ITS DEVELOPMENT WITHIN
STUDENTS ENROLLED IN TEACHING IN PRIMARY EDUCATION
PROGRAMME USING AUGMENTED REALITY TECHNOLOGY

Abstract

Mathematical competence is the ability to develop and apply mathematical thinking to
solve various problems arising in everyday situations. It includes both the ability and the
willingness to use mathematical models of thinking and various forms of representation. An
analysis of scientific literature points to the existence of multiple approaches to defining
mathematical competence and its models, which consist of different components. The
mathematical competence of students — future teachers — can be enhanced by integrating
Augmented Reality (AR) technology into the educational process. AR supports the
understanding of abstract mathematical concepts, promotes active learning, and increases
student motivation. Partial results from an analysis of the students’ work, the future teachers at
primary level of education, indicate the potential of AR technology to support the development
of selected components of mathematical competence.

Keywords: mathematical competence, teaching training, primary education, Augmented
Reality technology
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1. Uvod

Matematickd kompetencia je, podl'a Odporti¢ania Eurdépskeho parlamentu a rady (2006),
charakterizovana v zmysle schopnosti rozvijat’ a aplikovat’ matematické myslenie na rieSenie
roznych problémov v kazdodennych situdcidch. Implikuje schopnost’ a ochotu vyuzivat
matematické modely myslenia a r6zne reprezentacie abstraktnych pojmov. V akademickom
diskurze existuje viacero pristupov k vymedzeniu a interpretacii daného pojmu, v ktorych st
modely matematickej kompetencie tvorené r6znymi komponentami. Charakter komponentov
vychédza z majoritnych vlastnosti Specifikovanymi autormi toho ktorého opisu (Kilpatrick,
2009; Niss a Hejgaard, 2019; Pifiero Charlo et al., 2022).

Viaceré Studie potvrdzuji pozitivny vplyv integracie technoldgie rozsirenej reality do
edukacie (Augmented Reality — AR) na mieru porozumenia abstraktnych matematickych
pojmov, podporu aktivneho ucenia sa a na zvySovanie motivacie Studentov (Boras, 2022;
Hnatova et al., 2024; Koparan et al., 2023), ¢o v kone¢nom ddsledku prispieva aj k rozvoju ich
matematickej kompetencie.

Predstavené budu parcidlne vysledky kvalitativnej analyzy produktov prace Studentov,
budtcich ucitel'ov na primarnom stupni vzdelavania (na Pedagogickej fakulte PU v Presove).
Studentské vystupy, vo forme seminarnych prac, obsahovali navrhy edukaénych aktivit pre
vyucovanie matematiky s podporou technologie AR. Parcialne vysledky ukazuju na potencial
technologie AR pre rozvoj matematickej kompetencie buducich ucitel'ov na primarnom stupni
vzdelévania a zaroven ponukaji odporucania pre jej efektivne zaclenenie do ich matematicke;j

pripravy.

2. Matematicka kompetencia — vymedzenie pojmu

Analyzované a komparované boli tri r6zne vymedzenia pojmu matematickd kompetencia.
Pre potreby nasho skiimania bola, na zdklade analyzy predmetnych definicii a cielov vyskumu,
zvolena a aplikovand jedna definicia (Pifiero Charlo et al., 2022).

Niss a Hojgaard (2019) prezentuji matematické kompetencie v zmysle kognitivneho
konstruktu a schopnosti aktivne robit’ matematiku. Podl'a autorov vediet’ matematiku znamena
ovladat’ vedomosti, definicie pojmov, algoritmy, vzorce a pod. V tomto modeli je fokus
orientovany na vedomosti z oblasti matematiky, ale neopomina sa vyznam porozumenia,
komunikovania a aplikacie matematiky. Model matematickej kompetencie (obr. 1) tvori osem
kl'icovych kompetencii, ktoré st dolezité pri vyu€ovani a uceni sa matematiky (oznacenie
kompetencii je uvadzané v originali):

Representation Competency — schopnost’ vytvarat’ rdzne typy reprezentacii matematickych
pojmov a pracovat’ s nimi (manipulativne, ikonické, symbolické; graf, tabul’ka, rovnica a pod.).
Symbols and Formalism Competency — schopnost’ pracovat’ s matematickymi symbolmi na
primeranej Urovni (napr. rovnice, nerovnice, algebrické vyrazy) a pouzivat formalny jazyk
matematiky.

Communication Competency — schopnost’ komunikovat’ myslienkové postupy verbalne alebo
pisomne.

Aids and Tools Competency — schopnost’ efektivne vyuzivat’ u¢ebné pomocky a iné nastroje,
ako st manipulativne uc¢ebné pomdcky, kalkulacky, digitdlne modely matematickych pojmov
(napriklad AR, VR).

Reasoning Competency — schopnost’ uvazovat’, argumentovat, dokazovat’ a posudzovat’ zmysel
a platnost’ tvrdeni.

Modelling Competency — schopnost’ vytvarat’ matematické modely redlnych javov a situdcii.
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Problem Handling Competency — schopnost’ rieSit matematické problémy hl'adanim
a aplikovanim primeranych a efektivnych stratégii.

Mathematical Thinking Competency — schopnost’ korektne matematicky mysliet, rozvijat
a rozpoznavat’ matematické pojmy a problémy.

Okrem uvedenych kompetencii su v modeli Specifikované dve oblasti: (1) To ask and
answer in, with, about mathematics, v zmysle schopnosti formulovat’ primerané otazky a (2)
To deal with mathematical language and tools, ktord zdoraziuje vyznam jazyka ainych
prostriedkov.

Obrazok 1. Vizudlna reprezentacia matematickych kompetencii (Niss a Hojgaard, 2019)

Na druhej strane Kilpatrick (2009) obohacuje dany koncept o d’alSie elementy. Vytvoril
tzv. rope model (obr. 2), v ktorom st jednotlivé ,,vldkna lana“ (komponenty, zlozky) rozvijané
sucasne, paralelne, nie postupne jeden po druhom. Jednotlivé Casti lana su prepletené, navzajom
na sebe zavislé. Popisuji subor vedomosti, zrucnosti, schopnosti a presvedCenia, ktoré
vychadzaju z vyskumov v oblasti kognitivnej psycholdgie a matematického vzdeldvania
a vytvaraju obraz matematicky zdatného Ziaka (mathematically proficient student).

Model tvori pdt zloziek matematickej sposobilosti/gramotnosti (mathematical
proficiency):

Porozumenie pojmom (Conceptual Understanding) — chépanie matematickych pojmov,
operacii a vztahov, napr. vediet’ preco plati dany vztah, nielen ako ho vyuzit, ¢i vypocitat
ulohu.

Strategicka kompetencia (Strategic Competence) — schopnost’ formulovat’, reprezentovat’
a rieSit’ matematické problémy na zéklade vyberu primeranych stratégii a pristupov.
Produktivny postoj k matematike (Productive Disposition) — vnitornd motivacia
a presvedcenie o vnimani zmysluplnosti a uzZito¢nosti matematiky.

Adaptivne uvazovanie (4daptive Reasoning) — schopnost’ logicky uvazovat’ a flexibilne menit’
pristup k rieSeniu problémov v zavislosti od podmienok.

Proceduralna plynulost’ (Procedural Fluency) — schopnost’ efektivne a presne pouzivat
matematické postupy a algoritmy.
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Conceptual
Understanding

Strategic ‘
Competence
‘ Productive
’ Disposition
Adaptative ‘
Reasoning N Procedural

Obrazok 2. Model matematickych kompetencii (Kilpatrick, 2009)

Kilpatrick (2009) uvazuje o emocionalnych faktoroch, ale menej pozornosti je venovane;j
Specifickym vedomostnym, procedurdlnym polozkam. Kombindciou dvoch spomenutych
modelov bol navrhnuty (Pifiero Charlo et al., 2022) model pojmu matematickd kompetencia,
tvoreny Styrmi doménami: matematické vedomosti, didaktické vedomosti, proceduralna
doména, emocionalna doména (obr. 3)

Thinking and
reasoning

/c\

Modelling

Strategy

Use of tools development

'__(4. b=
Language
@ Math knowledge @ rrocedural domain
. Didactic knowledge () Emotional domain

Obrazok 3. Vizualizacia profesionalnych kompetencii uc¢itel'a matematiky
(Pifiero Charlo et al., 2022)

Blizsie charakterizujeme jednotlivé komponenty predmetného modelu (obr. 4), ktory bol
aplikovany v procese analyzy produktov prac Studentov.
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Matematicka kompetencia
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matematické
vedomosti

pouZivanie
nastrojov/prostriedkov

jazyk
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modelovanie vyvoj stratégii

|

productive disposition

triedny manaZment

identifikdcia a zvladanie
produktivny postoj/pristup k

uceniu

problémov
prispdsobenie kontextu

prepojenost/pre

Obrazok 4. Komponenty matematickej kompetencie (spracované podl'a Pifiero Charlo et al.,
2022)

(1) Komponent matematické vedomosti je tvoreny elementami jazyk, myslenie a uvazovanie,
modelovanie. Komponent sa tyka matematickych poznatkov, ktoré¢ by mal mat’ ucitel’
osvojené. Dolezité je, aby ucitel' disponoval matematickymi vedomostami, rozumel
konceptom, mal osvojené zru¢nosti a schopnosti pre ich vysvetlenie a uplatnenie na
roznych stupiioch vzdelavania.

e Jazyk — tato schopnost’ zahffia pouZzivanie matematickych symbolov, formélnych
zapisov a komunika¢ného jazyka. Kompetencia stvisi so schopnostou pracovat
s matematickymi symbolmi a s pravidlami pre ich Upravu. Zarovein je spojend so
schopnostou zapajat’ sa do pisomnej, verbalnej, vizualnej matematickej komunikacie
v rdznych $tyloch a jazykovych rovinach.

e Myslenie auvaZovanie — schopnost’” formulovat otdzky v danej oblasti, rozumiet

podstate oc¢akavanych odpovedi. Ide o dokazovanie matematickych tvrdeni, kriticka
analyzu a posudzovanie inych zdévodneni.

e Modelovanie — schopnost vytvarat matematické modely a kriticky hodnotit’
a analyzovat’ navrhované modely matematickych konceptov.

(2) Didaktické vedomosti zahfnaji schopnosti ako triedny manazZment, identifikacia
a zvladanie problémov, prisposobenie kontextu a prepojenost/prepojenie. Ucitel by mal
byt schopny efektivne planovat’ a organizovat’ vyucbu, volit’ metédy a formy s ohl'adom
na cielovll skupinu (ich schopnosti, Groven poznania a vedomosti) atieto elementy
navzajom prepajat’.
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(3) Proceduralna doména obsahuje pouzivanie ndstrojov, prostriedkov a vyvoj stratégii. Je to
schopnost’ ucitela viest' Ziakov k vyuZzivaniu réznych stratégii, pomocok, néstrojov,
podpornych technik s cielom rieSenia matematickych uloh a problémov. Nutnym
predpokladom je ucitel'ov prehl'ad o existujucich néstrojoch a skusenosti z prace s nimi.

e Pouzivanie néstrojov (prostriedkov) — tato kompetencia stvisi s pracou s materialnymi
prostriedkami a pomodckami pri matematickych cinnostiach, od konkrétnych
3D/fyzickych objektov a modelov, cez Specidlne navrhnuté obrazky, ilustracie, ¢i
tabul’ky, az po Siroké spektrum digitdlnych technolégii urcenych na znazoriiovanie
situdcii a konceptov v matematike.

e Vyvoj stratégii — schopnost’ formulovat, znézornit' a rieSit matematické problémy
vramci aj naprie¢ réznymi matematickymi doménami, ako aj schopnost’ kriticky
analyzovat’ a hodnotit’ r6zne pristupy k rieSeniu problému. Téato kompetencia zahfia aj
schopnost’ vykonavat’ postupy flexibilne, presne, efektivne a primerane.

(4) A nakoniec $tvrty komponent modelu matematickej kompetencie emociondlna doména je
reprezentovand tzv. productive disposition, ¢o mdze byt interpretované v zmysle
produktivneho postoja, pristupu k uceniu matematiky. Ucitel by mat byt schopny
motivovat’ ziakov, podporovat’ ich sebadoveru a rozvijat’ pozitivny pristup k matematike.
Tato doména zahtnia aj schopnost’ ucitel'a primerane reagovat’ na pripadny neuspech Ziaka.

Vyucéovanie matematiky nie je len o ovladani matematickych pojmov v teoretickej rovine.
Ide aj o schopnosti ucitel’a tieto koncepty efektivne komunikovat’, podporovat’ ziakov, vytvarat
prostredie, v ktorom sa ziaci m6zu matematike venovat’ so zdujmom, doverou. Tieto
kompetencie by mali byt’ rozvijané uz v ramci pregradudlnej pripravy buducich ucitelov. Na
Pedagogickej fakulte PU v PreSove, v ramci rieSenia projektu VEGA, bola realizovana analyza
vystupov prac Studentov s cielom monitorovania trovne rozvoja komponentov matematickej
kompetencie.

3. Analyza produktov prace Studentov — seminarnych prac
3.1. Metodologia vyskumu

Predmetom kvalitativnej analyzy boli produkty prac Studentov, budtcich ucitelov na
primarnom stupni vzdelavania, konkrétne 1. ro¢nika magisterského stupiia Stadia. ISlo
o produkty vo forme seminarnych prac obsahujucich navrhy na implementaciu technologie
roz$irenej reality (Augmented Reality — AR) do matematickej edukécie. Zdmerom analyzy bola
prvotna identifikacia indikatorov na zistenie miery rozvoja jednotlivych komponentov modelu
matematickej kompetencie (matematické vedomosti, didaktické vedomosti, procedurdlna
doména a emocionalna doména).

Vyskumny stubor tvorilo 113 Studentov 1. ro¢nika magisterského stupna Stiidia v programe
ucitel'stvo pre primarne vzdelavanie na pedagogickej fakulte PU v PreSove (akademicky rok
2024/2025 — zimny semester).

Analytickd procedura bola orientovand na monitorovanie navrhovanych moZnosti
zaradenia AR do vyu€ovania vybranych tém aritmetiky a algebry na primarnom stupni
vzdeldvania z roznych pohladov: (1) Gc€elnost’ navrhovaného pouzitia AR — zmysluplnost’
navrhu, kontext, podpora pri rozvoji predstavy o pojme, ako ndhrada kalkulacky, lepSie
uchopenie dané¢ho problému a pod., (2) typ modelu matematického pojmu na danej Grovni
abstrakcie; model v AR v zmysle reprezentacie v konkrétnom maéde, moznosti tvorby tloh na
réznej urovni narocnosti pomocou nastrojov AR.
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3.2. Popis zadania pre Studentov a vyberového siboru

Zadanie pre Studentov bolo detailne pripravené a dostupné v elektronickej forme pocas
celého semestra. Pokyny boli Strukturované do viacerych casti:

1.
2.
3.

4.
3.

Priprava (inStaladcia GeoGebra 3D Graphing Calculator).
Spustenie a praca s appletmi.

Prehl'ad AR appletov (prirodzené Cislo, porovnavanie prirodzenych ¢isel, numericia,
sCitanie a od¢itanie prirodzenych cCisel, ndsobenie a delenie prirodzenych Cisel).

Odportacany postup.
Struktiira seminarnej préace.

Sucast’ou zadania boli podporné materidly vo forme insStruktaznych videi a sady appletov
vytvorenych v projekte KEGA. Do portfolia appletov aplikovanych v ramci pripravy
edukaénych aktivit (aj v ramci projektového zdmeru), bolo vybranych celkovo 26 appletov
z piatich tematickych oblasti aritmetiky a algebry. Oblast’ aritmetiky a algebry bola
Specifikovana z ddvodu obsahu predmetu, v ktorom bola popisovana ¢innost’ zaradena. Applety
boli kategorizované do piatich oblasti na zdklade prisluSnosti k matematickému obsahu
(tabulka 1).

Tabul’ka 1. Pocet appletov — aritmetika a algebra

Oblast’ matematiky ali?lijf)v
prirodzené ¢islo 6
porovnavanie prirodzenych Cisel 3
numeracia 5
sCitanie a odcitanie 8
nasobenie a delenie 4
SPOLU 26

V grafe 1 je prezentovana miera vyberu appletov z jednotlivych oblasti.

vyber appletov v oblastiach

35
30
25
20
15

10

prirodzené ¢islo  porovndvanie numerdcia séitanie a nasobenie a
prirodzenych Cisel odcitanie delenie

Graf 1. Vyber appletov podl'a oblasti
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Najviac appletov (33%) bolo zvolenych z oblasti porovnavanie prirodzenych Cisel, kde boli
k dispozicii 3 applety. Pocetnost’ ich vyberu je prezentovana v grafe 2. Druhou najéastejSie
volenou oblastou bolo s¢itanie a odc¢itanie prirodzenych ¢isel. Oblast’ numeracia bola vyuzita
len v Styroch pripadoch (s ponukou piatich appletov).

porovnavanie prirodzenych Cisel

20
18
16
14
12
10

o N B OO

cjx9azw9 wsr69j5z nzz7qn4k
1 2 3

Porovnavanie prirodzenych Cisel

Graf 2. Pocetnost’ vyberu appletov z oblasti porovnavanie prirodzenych ¢isel

V prvej etape vyskumu bolo predmetom analyzy 18 seminarnych prac, v ktorych bol
vyuzity identicky applet (¢islo 1 z oblasti porovnavanie prirodzenych ¢isel, Hnatova et al.,
2024, s. 66), z dovodu zachovania objektivity pri tvorbe indikatorov a kategorii potrebnych pri
kvalitativnej analyze produktov.

3.3. Vysledky kvalitativnej analyzy

Vicsina nametov obsahovala motiv pribehu so zamerom ,,zdchrany krajiny* rieSenim
suboru uloh. Zadania uloh boli pripravené vo formate pracovnych listov, ktoré mali Ziaci
rie§it pomocou appletu. V mnohych pripadoch i8lo o Glohy Standardného typu na
porovnanie dvoch prirodzenych ¢isel a vyjadrenie vysledku pomocou rela¢ného znaku.
Navrhy so zaradenim appletu boli chdpané len ako prostriedok na overenie spravnosti
rieSenia ulohy, ¢o v danom type Uloh nie je efektivne. Absentovalo zdovodnenie
zmysluplnosti prace s nastrojom, ktory ma prioritne predstavovat’ podporu ucenia a ucenia
sa, nie prekazku oslabujucu mieru uspesnosti rieSenia loh. Pozitivne mozno hodnotit’ fakt,
ze navrhy obsahovali aj pracu s appletom v moéde AR, nielen v 3D, ¢i vyuzitie snimky
obrazovky ako sucast’ zadania ulohy.

Analyza produktov bola orientovand na prvotnu identifikaciu indikatorov/sledovanych
javov na zistenie miery rozvoja jednotlivych komponentov modelu matematickej
kompetencie (matematické vedomosti, didaktické vedomosti, procedurdlna doména
a emocionalna doména). V d’alSej Casti s prezentované vystupy realizovanej kvalitativnej
analyzy pre jednotlivé domény, s uvedenim pozitivnych a negativnych zisteni.
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Sledované javy: obsah matematiky, terminoldgia, irovei porozumenia konceptu a vyznamu
appletu, zmysel prepojenia s danou témou v aktivite

+ zmysluplné zadania uloh

primerand tvorba modelu dané¢ho konceptu

nepresna odborna terminologia

neprimerany vyber uloh pre danu ciel'ovu skupinu z pohl'adu pouzitia matematickych
pojmov, ¢i modelov pojmu (urovein abstrakcie, ndro¢nosti)

didaktické vedomosti

Sledované javy: formulécia cielov, vol'ba a popis metdd, foriem, organizacie Cinnosti,
pokyny a zadania pre ziakov...

formulacia cielov — zmysluplne, jednoznacne, vychodisko SVP, v kontexte so
zameranim ¢innosti, tloh

-+ | primeranost’ ciel'ovej skupine

metody, formy — v zmysle aktivity realizovanej aj mimo vyuc€ovania (hra, skupinova
forma, pracovny list, stanovistia)

popis realizacie pomerne detailny, na seba nadvizujice ¢innosti, ilohy

— | v niektorych pripadoch je navrhovand priaca s AR neprimerand (smeruje ku
kognitivne menej naroénym typom modelov dané¢ho pojmu)

Sledované javy: zmysluplnost’ pouzitia nastrojov s podporou AR, schopnost’ prezentovat
vyznam AR ako podporného prostriedku, stratégia prace s AR

+ prepojenie réznych modov reprezentacie daného pojmu

navrhy na vyuZitie AR st implementované ,,nasilu‘; v mnohych pripadoch by bola
vyucba efektivnejSia bez nich

praca s appletmi posobi skor ako prekazka a nie podporny material (spomal’uje proces
rieSenia uloh, problémov)

— | neporozumenie podstate konkrétneho modelu pojmu v danom applete; nie je to

uchopené, vysvetlené — len forma, obsah uniké (dokonca aj nesulad medzi pojmami
v ulohe a v applete)

nekorektné, nezrozumiteI'né a zlozité inStrukcie

nepremyslené¢ (predimenzované) zaradenie viacerych prostriedkov (napr. kocky
a manipulécia s nimi a aj applet)
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emocionalna doména

Sledované javy: motivacia, rozvoj pozitivneho vztahu k matematike

vytvorené navrhy vo forme pribehu, hry (stolova hra s planom....)

medzipredmetové vzt'ahy (pribehy, motivy z inych predmetov aj z readlneho Zivota)

+

pojem edukacnd aktivita (¢o bolo cielom zadanej seminarnej prace) evokuje potrebu
zasadit’ do pribehu

— | mélo aktivizujuce ¢innosti

matematicke proceduralna

vedomosti domeéna

+ -

+

Obrazok 5. Sumarizacia pozitivnych a negativnych zisteni v komponentoch matematicke;j
kompetencie

Prezentované zistenia naznacuju klady aj nedostatky v jednotlivych komponentoch
modelu matematickej kompetencie (obrazok 5). Limity v matematickych vedomostiach st
dosledkom nedostatoéne zvladnutej problematiky z teoretického pohladu. Studenti
v mnohych pripadoch nepovazuju za dolezité pouZzivat detailnii a presnu terminoldgiu
v snahe zjednodusit’ a prisposobit’ urovenn komunika¢ného jazyka Ziakom na primarnom
stupni vzdelavania. V Casti didaktickych vedomosti vysledky odhal'uja pomerne vysoku
mieru rozvoja danych schopnosti, ¢oho dokazom su rdzne navrhy metdd a foriem prace
a snaha o zaradenie originalnych pristupov. Vysledky analyzy ukazali na nedostatky
predovSetkym v komponente proceduralna doména. Schopnost’ vyberat a zarad’ovat
¢innosti s podporou réznych edukaénych prostriedkov je u Studentov na pomerne nizkej
urovni. Je nevyhnutné stimulovat’ rozvoj tychto zrucnosti uz pocas ich pregradudlnej
pripravy zaradenim konkrétnych aktivit s podporou didaktickych prostriedkov r6zneho
druhu (manipulativne pomdcky, obrazkovy materidl, elektronické materidly, modely
matematickych pojmov vytvorenych s podporou technologie AR a pod.). V tomto kontexte
sa praca s nastrojmi AR ukazuje ako zmysluplnd z viacerych pohladov — podpora
matematickej] kompetencie, rozvoj porozumenia matematickym pojmom, identifikacia
analogii medzi reprezentaciami pojmov, priestor na didaktick transformdaciu
a interpretaciu dané¢ho uciva v sulade s formalnym jazykom matematiky. V emocionalnej
doméne boli prevazne identifikované pozitiva, ¢o sa prejavilo v ndvrhoch integrujicich
elementy z roznych predmetov a zaradenim ¢innosti motiva¢ného charakteru.
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4. Zaver

Matematicki kompetenciu ajej komponenty je dolezité rozvijat aj v ramci
pregradudlnej pripravy ucitelov primarneho stupna vzdeldvania. Prezentovany vyskum mal
za ciel’ identifikovat' indikatory pre zistenie miery rozvoja komponentov matematickej
kompetencie. Predmetom analyzy boli produkty prace Studentov, spracované vo forme
seminarnych prac.

Do realizacie projektovej aktivity sa zapojilo takmer 100 percent Studentov vyberového
suboru, ¢o mozno povazovat’ za pozitivum, najmé z toho dovodu, ze ticast’ bola dobrovol'na,
bez akychkol'vek pridanych benefitov pre celkové hodnotenie v ramci predmetu. Studenti
prejavili pomerne vysokt mieru aktivity a motivacie, ako aj zdujem o implementaciu
novych technolégii a edukaénych pristupov do edukacie. Vysledky analyzy reflektuju
vyskyt pozitivnych aj negativnych prejavov sledovanych javov vo vsetkych predmetnych
oblastiach, ¢im sa potvrdzuje potreba realizacie d’alSiecho skiimania moznosti rozvoja
matematickej kompetencie. Jednym z pristupov je aj inkorporacia technolégie AR do
matematickej pripravy Studentov. Integricia AR do matematickej edukacie nie je
jednorazovou zalezitostou a vyzaduje zvySovanie odbornosti ucitelov vzdeldvanim
minimalne v oblasti prace s digitalnymi technolégiami (Hnatova, 2023). Podporu pripravy
buducich pedagdgov v oblasti prace s technoldégiou AR deklaruje aj Liptak (2023).

Prvotné vysledky analyzy préac, produktov Studentov, viedli k formulacii otdzok:

(1) PreCo by ucitelia mali zaradit do vyuCovania matematiky pracu s AR? V ¢om je
efektivnejSia v porovnani s inymi pomodckami z pohladu moZznosti pre modelovanie
konceptu v réznych modoch reprezentacie?

(2) Ako presvedcit ucitel'ov aj Studentov, ze ma zmysel vo vyucovani matematiky pracovat’
aj s nastrojmi s podporou AR? Tieto otazky budu predmetom dalSej etapy vyskumu
realizovaného v ramci projektov na PF PU v PreSove.
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Abstract

This systematic literature review examines the opportunities, difficulties, and educational
implications of adopting artificial intelligence (Al) in mathematics education at the tertiary level
in Timor-Leste. The review incorporates international evidence collected from 31 peer-
reviewed studies published between 2016 and 2025 and presents it, given the realities of
a higher education system in a developing country. These results demonstrate that Al,
especially large language models like ChatGPT, has significant potential in terms of
personalised instruction, customised feedback, and additional tutoring, which would solve the
issue of teacher shortages and increase student interest. Despite these, there are still several
obstacles, which include threats to academic integrity, algorithm biases, misalignment between
cultures/languages, and a lack of infrastructure, particularly in rural areas. Al can be a game
changer in mathematics education in Timor-Leste, which should be implemented strategically,
in a context-sensitive way, and through strong policies, infrastructure investment, and long-
term teacher education leadership.

Keywords: Artificial intelligence, Mathematics education, Higher education, ChatGPT,
Timor-Leste.

1. Introduction

Most fields have embraced Artificial Intelligence (Al) as a revolutionary technology, and
the educational sector is not resistant to these radical changes. In tertiary education, Al is seen
increasingly as a driver of pedagogical innovation, and it can be especially effective in fields
with large datasets, such as mathematics, where data insights and adaptive learning tools can
enable highly individualised learning experiences. As a supposed gatekeeper subject within
science, technology, engineering, and mathematics (STEM) education, mathematics can be
particularly improved by Al-based tools that can check learning disabilities, create live
feedback, and adapted lesson plans accordingly. Al-enabled educational technologies,
including intelligent tutoring systems, automated online learning and math assessments, and
predictive analytics, are transformational globally in how mathematics is taught and learnt
(Zawacki-Richter et al., 2019). Nevertheless, the possible level of translation of such
innovations into the reality of developing countries is an open and, in spite of that, important request.

Introducing Al into various fields, including mathematics education in Timor-Leste,
presents complexities but also offers an attractive opportunity. There are significant constraints
on the educational structure of the country, which is recovering and reconstructing after years
of political instability. The limitations include the absence of digital infrastructure, limited
internet connectivity, a shortage of Al-literate teachers, and a significant urban-rural gap in the
availability of educational resources. Research findings on the integration of technologies in
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sub-Saharan Africa and other developing regions would also imply that the lack of
knowledgeable teachers or technical support and general underfunding of the system could play
a key role in preventing the successful implementation of technologies in education (Molla et
al, 2023). While the idea of digital transformation is gaining momentum, implementing Al-
enhanced learning systems in that context remains quite complex. The implementation of Al
can be fragile and unnecessary if there are active investments in teacher education and
curriculum development, as well as the development of technological capabilities. Furthermore,
the danger exists of expanding educational inequalities that are currently present because of the
implementation of some sophisticated technologies without the support structures that are
necessary to address their educational inequities.

Nevertheless, Timor-Leste also has a special opportunity to consider the integration of Al
on a bottom-up scale. The flexibility in designing contextually appropriate and future-bound
pedagogical strategies exists since its operative system of tertiary education is still in a growing
phase. Al could be designed to fit the linguistic, cultural, and pedagogical details of the nation,
for instance, could include a Tetum-language interface and culturally responsive mathematics
content. Particularly, Al may address some of the institutional educators have to face barriers,
such as overcapacity in the classroom, the unavailability of the latest textbooks, and the shortage
of academic mathematics experts. As an example, Al-based tools can be used as virtual tutors
and guide students through interactive learning solutions to problems even when a mathematics
teacher is not qualified enough to take over the responsibilities (Luckin et al., 2016). Through
this path, Al does not simply represent a tech supplement but could represent a primary element
to a more comprehensive and efficient education system.

The systematic review suggested in the current study corresponds with the pattern through
three overall questions, as follows:(1) What are the opportunities and challenges related to the
integration of Al in the development of mathematics lessons at the tertiary level of education
in Timor-Leste? What is the best way to align Al technologies with the pedagogical
requirements for mathematics education across the country? What are the consequences of
incorporating Al for improving the teaching strategies within Timor-Leste's higher education
system? We aim to dissect the potential and challenges of integrating Al into a developing
country's education system. This research aims to solidify a significant literature gap regarding
Al and the teaching of mathematics in low-resource environments by undertaking a wide
exploration of international best practices and a critical review of how these practices are
relevant to Timor-Leste.

This study aims to increase the literature on the subject of Al in education because it focuses
on the experiences of a less-discussed but more relevant section. In focusing the research on
mathematics education as a major driving force of intellectual and economic growth. It
highlights the concern that must be turned towards providing settings, knowledge, and
techniques for 21st-century learning in the tertiary learning institutions of Timor-Leste. The
results were likely to supply practical information to educators, policymakers, and
technologists, thus concreting the way to future-proof, more inclusive, and more flexible
mathematics teaching in Timor-Leste.

2. Literature Review

The use of Artificial Intelligence (Al) in the learning environment has been a topic that has
garnered increased academic interest, especially in light of universities pursuing new methods
of enhancing effectiveness and the quality of teaching and educating people. Mathematics
education is one subject with abstract cognition that requires great intellectual insight.
Therefore, Al has a promise of transforming all these pedagogical practices with adaptive
teaching, automation, and individual feedback. The review of literature critically reflects the
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discussions being discussed by academics regarding the potential use of Al, particularly the
generative models such as ChatGPT, in teaching mathematics at the tertiary level. It discusses
the possible and conceivable powers of Al along with its traditional restrictions and draws
attention to its acceptance in the context of higher education in Timor-Leste.

2.1. Opportunities Offered by Al in Mathematical Education

The application of Al-related technologies has significantly transformed the instruction and
teaching of mathematics (Meylani, 2024; Borah and Borah, 2024). Large language models
(LLMs), such as ChatGPT, have the potential to optimise real-time communication, afford
scaffolding of abstract concepts, and differentiate content in line with the needs of a particular
learner (Cotton et al., 2023; Farrokhnia et al., 2023). Such affordances are especially useful in
under-resourced or developing contexts, such as in Timor-Leste, where fewer qualified teachers
and learning resources are available.

According to Wardat et al. (2023), ChatGPT can become a revolutionary tool in
mathematics education, as it allows teaching students step-by-step explanations and helps them
resolve such complicated problems. Likewise, Sdnchez-Ruiz et al. (2023) demonstrate that
ChatGPT has a positive impact on engineering mathematics courses, promoting student self-
control and problem-solving strategies. Xiao and Zhi (2023) examined language education and
found that learners considered ChatGPT a beneficial resource for completing tasks and
reinforcing knowledge, according to a survey. This result suggests that studying mathematics
would yield similar benefits since ChatGPT can respond.

Opportunities for personalisation in education also exist in the case of Al. Yu et al. (2017)
also believe that Al-infused platforms are better suited to adapt to the learners' rate of progress
and needs, thereby enhancing engagement and success. It adapts to the studies of Jeon and Lee
(2023), who support the view of a complementary approach to interactions between Al tools
and a human educator, with the main focus being on the ability of Al to add to what an instructor
does, not substitute him or her. Further, it is essential to learn more about attitudes to Al usage.
Kuleto et al. (2021) clarify that the willingness of students to use Al correlates with its effective
use. Chan and Lee (2023) attached importance to the fact that there should be adjustments
according to their generations in Al acceptance as an element of designing Al-enhanced curricula.

2.2. Challenges and Ethical Considerations

Despite the advantages, it is clear that incorporating Al into mathematics education raises
several concerns, such as academic integrity is one of the pivotal problems (Seaton, 2020;
Barrientos et al., 2024). Al-based tools such as ChatGPT put plagiarism and overdependency
at risk, which may negatively affect students' self-thinking abilities and independent problem-
solving skills (Michel-Villarreal et al., 2023; Cotton et al., 2023). The ethical implications go
beyond malpractice to cover fairness, responsibility, and transparency in algorithms' decision-
making.

Hwang and Tu (2021) observed that in spite of the offered support of routine activities, Al
is problematic in dealing with higher-level mathematical thinking, and the implementation of
this technology in pedagogy should be closely monitored. Lameras and Arnab (2021) confirmed
the importance of critical ways of how to engage with Al technologies by educators, as
following their uncritical adoption could increase existing inequities or pedagogical gaps.
Moreover, Raji et al. (2021) note that the pedagogy of exclusion is a concern in the instruction
of Al ethics because it contributes to the socialisation of social biases in education without an
inclusive and critical design. These issues are close to the situation in Timor-Leste, where the
level of digital literacy is different in various population groups, and the education policies
concerning Al are not properly developed.
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2.3. Frameworks for Effective Integration

In order to accommodate these issues, researchers promote structured, policy-based
frameworks to inform how Al is put to use in university teaching (Jin et al, 2025). Chan (2023)
presented a detailed AI policy education framework with pedagogic, operational, and
governance aspects. The model requires such institutional policies that promote ethical
integration, infrastructural development, and decision-making by means of including the
stakeholders (Cacho, 2024).

Eager and Brunton (2023) also suggested that ethical literacy be integrated into curricula
with the combination of AI so that students can negotiate both technical and social
consequences of the technology. They agreed with previous studies conducted by Chen et al.
(2022), where chatbot-based help with classroom interactions and student success was designed
to demonstrate the necessity of effective Al integration as purpose-driven and learner-centred.
This systematic order will be particularly pertinent in mathematical learning. According to
Wardat et al. (2023) and Jeon and Lee (2023), it is possible to use Al successfully, and it will
occur when human teaching and machine-generated assistance are aligned, so Al may
complement, not substitute, the pedagogical objectives of the curriculum.

2.4. Knowledge Gaps and Future Research Directions

Even though there is continuously growing research on Al in education, there are still
important knowledge gaps, particularly with regard to low-income countries such as Timor-
Leste (Saldanha et al., 2024). Current research strengths predominantly focus on data from
high-income countries, with little research on the long-term impact of adopting Al in resource-
limited contexts. Longitudinal studies are urgently needed to evaluate the effect of Al on student
learning outcomes, teacher performance, and overall institutional improvement in teaching
mathematics. Instantly need longitudinal studies to evaluate the impact of Al on student
learning outcomes, teacher performance, and overall institutional improvement in mathematics
teaching.

Furthermore, there is a lack of knowledge regarding how people can modify Al to support
inclusive education. Michel-Villarreal et al. (2023) and Chan (2023) underscore the need for
Al tools that are culturally responsive and adaptable to various linguistic and social contexts.
One possible path for future work would be to study how models such as ChatGPT can be
localised, such as by adding Tetum or Portuguese language interfaces.

The incorporation of Al in the nature of mathematics learning is transformational,
especially in settings like Timor-Leste, with structural and economic constraints in place with
regard to educational systems. Although Al tools, such as ChatGPT, can promise more
interaction, personalisation, and learner agency, they come with ethical, pedagogical, and
institutional issues (Can et al., 2023; Asy’ari & Sharov, 2024). It will be necessary to respond
with strong policy frameworks and professional development, as well as research-inclusive
approaches. With the world already showing increasing interest in the possibilities of Al-
enhanced learning. It is imperative that new systems, like that of Timor-Leste, be designed to
take advantage of the potential of Al but offer protection to ensure the maintenance of
educational integrity and equity.

3. Research Methods
3.1. Search Strategy and Source Selection

This study, a systematic literature review (SLR) approach was used to critically examine
the implementation of artificial intelligence (Al) in mathematics, with a particular focus on its
contextual applicability within the domain of the tertiary education domain in Timor-Leste.
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A systematic review was chosen because it allows for a rigorous, transparent, and replicable
synthesis of existing scholarly work (Snyder, 2019; Zawacki-Richter et al., 2019).

Academic databases, such as Scopus, Web of Science, ERIC, Google Scholar, and DOAJ,
were used when conducting the literature search. Controlled vocabulary terms were used in
combination with the Boolean operators to achieve maximum coverage. The main search terms

9 <6

were “Artificial Intelligence”, “mathematics education”, “Al in education”, “higher education”,
“developing countries”, “ChatGPT” or “large language models”, “mathematics instruction”,
and “Al in education” and “Timor-Leste”.

Only sources published between 2015 and 2023 were considered, as they had to be relevant
to current Al capabilities and educational policies. Besides journal articles, grey literature
(institutional reports) was used as well when regionally specific (e.g., regarding information on

the educational infrastructure or teacher readiness in developing countries).

3.2. The Inclusion and Exclusion Criteria

The inclusion or exclusion criteria are well drawn to ensure the review's relevance and
completeness (Arya et al, 2021; Prill, 2021). Studies were considered eligible when they were
targeted at the use of artificial intelligence (Al) in mathematics or STEM learning in any higher
education setting. In addition, considered pedagogical, ethical, or institutional aspects of Al
integration and was published in professional, peer-reviewed, or other reputable professional
sources in English in or after 2015. Other studies that seemed to fit the study criteria also
provided either theoretical or empirical arguments for the research purpose. On the other hand,
studies were excluded when they focused simply on primary or secondary learning, had no
straightforward significance to higher learning or math learning, or lacked clear methodological
reporting in spite of being peer-reviewed. This thorough review method resulted in an
intellectual but contextually relevant database of literature that reflects the higher education
landscape in Timor-Leste.

3.3. Study Selection Process

The methodology following the selection of studies was based on the PRISMA (Preferred
Reporting Items for Systematic Reviews and Meta-Analyses) framework (Moher et al., 2009;
Arya et al, 2021). In the first search, 112 articles were found. Following duplicate removal and
title/abstract screening, 68 studies were left over. These were put under full-text examination,
where the 13 articles were further excluded because they did not follow the set entry criteria.
The ultimate sample contained 31 studies whose in-depth analysis was carried out. The
snowballing technique was also used to ascertain other pertinent studies via the bibliography of
primary articles. Disagreements in the selection of studies were later on solved collaboratively
among reviewers, as it is best practice in the methodology of SLRs (Thomas & Harden, 2008).

3.4. Quality Assessment

To identify studies of high methodological quality, the process of quality appraisal was
conducted, and all of the selected studies were assessed using a slightly modified version of the
Critical Appraisal Skills Programme (CASP) checklist (CASP, 2018). This instrument
compared every study on several main points, such as the specificity of purposes; methodology
appropriateness; relative context for education in the developing world; and the data reporting
and analysis process should be straightforward.

The studies received ratings of high, moderate, and low quality. High-quality and moderate-
quality studies were the only ones that remained in the final synthesis. The judgement not only
emphasised that the results are based on reasonable and sound evidence, but it also
acknowledged work that could have provided regional knowledge, such as the study by Molla,

97



Elementary Mathematics Education Journal 2025, Vol. 7, No. 1
ISSN 2694-8133

Yayeh, and Bisaw (2023) on faculty competence in Ethiopia, which contributed contextual
relevance to the literature despite its methodological limitations.

3.5. Data Extraction and Synthesis

The author established a structured data extraction form to ensure the systematic collection
of pertinent information from each study. This form contained the bibliographic data—author
names, publication year, and source—as well as contextual data, like the geographical location
and relevant educational level. It also captured the specification and planned usage of Al tools
like ChatGPT and adaptive learning systems and their aimed outcomes, including improved
learning of the students and assistance in the work of teachers, as well as considerations of
ethics. Additionally, the form listed barriers to the process of Al integration and distinguished
solutions to address the barriers in integration. The obtained information was then broken into
pieces and analysed by way of thematic analysis (Thomas & Harden, 2008) or recurrent coding,
with the aim of producing the final themes and subthemes following the research questions.
Four major topics have been identified: (1) personalisation and adaptive feedback as significant
pedagogical possibilities (Yu et al., 2017; Wardat et al., 2023); (2) academic dishonesty,
including such concepts as academic dishonesty, academic misconduct, and algorithmic bias
(Michel-Villarreal et al., 2023; Cotton et al., 2023); and (3) institutional and infrastructural
challenges, with poor funding and cyberilliteracy as examples (Tadesse & Gill, 2015).

4. Results and Discussion
4.1. Results

In this systematic literature review, evidence from 31 peer-reviewed studies was
synthesised to answer the three guiding research questions mentioned in the introduction.

Opportunities and Challenges of AI Integration

The review provided evidence that there was room to develop mathematics education in
Timor-Leste using Al. The research also showed consistent findings, supported by the ability
of Al systems, especially large language models like ChatGPT, to individualise instruction by
developing content according to the speed and needs of a particular student, explaining things
step-by-step, and immediately providing feedback to facilitate conceptual learning (Yu et al.,
2017; Wardat et al., 2023). The tools have the potential to fill in the teacher capacity gaps since
they operate as supplementary tutors in situations with a shortage of qualified mathematics
educators or discouragingly large class sizes. Moreover, previous studies conducted in other
developing settings imply that Al can lead to increased engagement among students, increased
learner autonomy, and thus the maintenance of persistence in mathematics learning (Sédnchez-
Ruiz et al., 2023; Xiao and Zhi, 2023).

However, the review also identified several significant issues that require attention to
ensure the successful adoption of Al. The idea of academic dishonesty was prominent, with
different research highlighting that depending too much on Al-solved tasks could negatively
affect students' independent reasoning and problem-solving achievements and make students
more prone to plagiarism (Michel-Villarreal et al., 2023; Cotton et al., 2023). Other problems,
like algorithmic bias and cultural mismatch, were also mentioned, since systems developed in
English-speaking settings by and large do not represent the same linguistic and cultural
experience in Timor-Leste. Additionally, infrastructural constraints such as the unavailability
of internet connectivity, technological device accessibility, and the lack of Al literacy among
teachers are a significant barrier to the implementation, especially among the rural and
underserved regions (Tadesse & Gillies, 2015; Molla et al., 2023).
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Positioning Al in Pedagogical Needs

The results of the review highlighted the opinion that the effective introduction of Al in the
teaching of mathematics is preconditioned by its consistency with the available pedagogical
systems, school curricula, and cultural realities. In their work, scholars always tried to build
a case that Al should not substitute the work of a teacher but only support it, allowing the latter
to improve his or her practices without losing the relational and contextual aspect of teaching
(Jeon & Lee, 2023). Culturally responsive and linguistically inclusive design was a critical need
in the case of Timor-Leste, where the Al platform concerned needed to interface with the Tetum
and Portuguese languages, and the interface was designed with the inclusion of locally relevant
examples to make the platform accessible and relevant to all students nationwide.

The literature also referred to the value of integrating Al into instruction planning and the
measuring techniques to facilitate more efficient instruction planning, formative assessment,
and differentiated instruction (Chan, 2023; Eager & Brunton, 2023). The second theme that was
replicated several times was ethical literacy in the use of Al, where the studies highlighted that
focused education should be provided to not only educators but students as well. Alignment
strategies of this nature are needed to ensure the pedagogical potential of Al is maximised as
much as possible but does not violate academic integrity or inclusivity.

Teaching Strategies in Higher Education

The facts indicate that marrying Al with mathematics education (third-level) in Timor-
Leste may revolutionise teaching methods in a few ways. Al tools can enhance the efficiency
of the instructional process by automating tasks performed by instructors, such as grading and
providing feedback. This automation allows instructors to free up their time and focus more on
superior learning processes, including encouraging critical thinking, facilitating collaborative
problem-solving, and training individual learners. Adaptive learning systems can improve
learning outcomes by providing targeted interventions and timely assistance to overcome
specific conceptual challenges faced by students.

Furthermore, using Al can promote pedagogical innovation, especially the use of blended
and flipped learning paradigms, where students will access Al-supported pre-class content, and
classroom time will still be interactive and application-driven. Nevertheless, there is a risk of
increasing disparities between urban and rural learners due to unequal access to Al technologies
and educational opportunities. The results also point to the fact that long-term professional
growth will be crucial to making sure that teachers have the capability and confidence to
successfully incorporate Al, keep up with the developments in technology, and sustain the
quality and inclusivity of higher education mathematics education.

4.2. Discussion

The results of this systematic review provide a more intricate meaning to the prospects,
alignment, and implications of Artificial Intelligence (AI) incorporation in the study of
mathematics at the higher education level in Timor-Leste. The results demonstrate this potential
transformative power, which, nevertheless, points to the need to plan, adapt to context, and
ethically control comprehensively.

Opportunities and Challenges Contextually

Personalised learning, adaptive feedback, and the support of underqualified or
overburdened teachers are identified as possibilities that are very appropriate in Timor-Leste,
where the insufficient number of teachers and crowds that have to be taught commonly
constrain individualised instruction. The potential of Al to engage as a virtual tutor correlates
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with the priorities in the educational field in the country, providing an avenue through which
the issues associated with the system can be touched upon without limiting it to the physical
resources. The same result obtained in other developing settings (Wardat et al., 2023; Yu et al.,
2017) repeats the usefulness of Al as a pedagogical tool rather than an added technological tool.

Nonetheless, concerns regarding academic integrity, algorithmic bias, and infrastructural
constraints are particularly significant in Timor-Leste. Given the lack of Al literacy among
faculty and the wide gaps between urban and rural connectivity, there are risks that early
adoption may increase, rather than decrease, inequity. The lack of localised Al tools in Tetum
or Portugal could potentially diminish accessibility and cultural proximity, thereby intensifying
this threat.

Bringing Al into Consultation with Pedagogical Needs

The findings underscore the need for goal-oriented Al integration, with the entire process
grounded in pedagogical principles. The human-Al collaboration is preferable to Al
replacement in the sense that, in this case, technology is used to complement the experiences
of an educator and does not replace the interpersonal and situational component of teaching
(Jeon & Lee, 2023). Such an approach concurs with the constructivism methods in mathematics
learning, where educators use guidance with inquiry and problem-solving to help learners.

A culturally responsive design of Al is especially important in Timor-Leste. This would
not only increase comprehensibility but also inclusion, given that it would adapt the interfaces
and instructional content to local languages and contexts. Without this type of adaptation, there
is a risk of reinforcing linguistic stratifications that oppress students who are either outside the
country or have a different first language. Both teachers and students need to be exposed to
ethical literacy, which should become part of teacher professional development and student
learning based on the recommendations made in the reviewed frameworks (Chan, 2023; Eager
& Brunton, 2023). It is particularly topical because the worldwide community is worried about
the possibility of Al promoting bias and revenue against academic integrity.

Implications of Teaching Strategies in Higher Education

The use of Al in mathematics teaching in Timor-Leste would trigger a transition to a more
interactive and student-centered method. Through the automation of routine feedback and the
creation of personalised learning pathways, Al enables teachers to dedicate more time to
instructional tasks at a higher level, stimulates critical thinking, assists in problem-solving, and
supervises project-based applications. However, it still needs to be noted that the possibility of
achieving better learning outcomes relies on fair access to Al consumables as well as long-term
teacher capacity building. Unless national governments make smart infrastructure investments,
there is a significant risk of creating a two-tiered system where students in geographically
privileged urban areas excessively utilise Al advancements while rural students fall further
behind.

The literature also implies that the adoption of Al can promote blended and flipped learning
models that concentrate on supporting independent learning with the help of Al and active
classroom learning involvement. Although this can be a real asset in teaching mathematics, it
must be adopted cautiously, given the technological capability and cultural needs of higher
education institutions in Timor-Leste.

Management implications for Timor-Leste

Combined, the results and analysis lead to the conclusion that it is best to be cautious yet
proactive about integrating Al into the education of mathematics in Timor-Leste. Since higher
education is still developing in the country, it is in a unique position until now to implement Al
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in a manner that is locally relevant, culturally responsive, and pedagogically sound. However,
a cohesive plan that integrates efforts in policy creation, infrastructure investment, professional
education, and the development of Al tools suitable for regional contexts will be the key factor.

5. Conclusion and Recommendation
5.1. Conclusion

The systematic literature review focused on the prospects, barriers, programmatic efforts,
and the possible repercussions of embracing Artificial Intelligence (Al) in the teaching and
learning of mathematics within tertiary education in Timor-Leste. A synthesis of 42 peer-
reviewed articles demonstrated that Al promises significant changes to teaching and learning
via the use of personalised instruction, adaptive feedback, and assistance for under-resourced
or overstressed educational professionals. When applied correctly, Al technologies can help
address long-standing issues in mathematics learning, such as large class sizes, teacher
workforce shortages, and the lack of modern and tailored instructional methods, with learner
interaction and independence being potential outcomes.

However, the findings also identified potential risks and limitations that require attention
to fully realise the potential of Al in this area. The key obstacles to fair implementation include
issues of academic integrity, bias in algorithms, and the lack of culturally specific Al that
incorporates distinct linguistic features. These pressures are further aggravated by
infrastructural constraints, especially poor internet connectivity, a lack of device accessibility,
and low levels of literacy among educators, especially in rural and underserved regions.

As pointed out in the review, it is important that the implementation of Al is done through
a pedagogical goal with the perspective of enhancing the use of educators rather than replacing
them. The alignment with the local curricula, local cultures and language realities should be
effective enough to make it accessible, inclusive and relevant. Furthermore, it is essential to
integrate ethical literacy into the training of teachers and the learning of students to reduce the
risks related to bias, transparency, and responsible use of Al.

Incorporating Al into Timor-Leste's tertiary mathematics education presents both
opportunities and challenges. To fulfil its pioneering promise, policymakers, teachers, and
institutional heads need to take a strategic, contextual view, which integrates infrastructural
investment, teacher improvement, moral administration, and culture-sensitive design. It is only
by making such measures synchronous that Al will become a driving force for more inclusive,
effective, and future-focused mathematics education in Timor-Leste.

5.2. Recommendations

Policymakers ought to create a national Al-in-education policy that looks into the issues of
infrastructure, governance, and ethical implications. This tactic should contain the
specifications of the integration of Al into the tertiary mathematics course in such a way that it
will complement the role of an educator, not merely substitute it.

The financing of digital infrastructure and the provision of dependable and equal access to
digital devices capable of Al applications are fundamental to ensuring that the gap between
rural and urban learners does not increase in the challenge of COVID-19. Culturally and
linguistically responsive artificial intelligence tools should be developed to ensure inclusivity
and relevance for local communities. The Tetum and Portuguese languages should be integrated
into the AI applications, and the examples used should also be relevant to the locals to make
them more inclusive, culturally friendly, and engaging.
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The ethical utilisation of Al must be integrated into teacher training programmes and
student lessons where the use and emphasis are on transparency, bias reduction and the ethical
use of Al-generated outputs.

More holistic capacity-building programs are also required to prepare teachers with the
technical expertise, methodologies, and confidence to use Al tools in mathematics instruction.

Al can facilitate blended and flipped learning, enabling active, student-centred learning
with solid pedagogical foundations.

There needs to be longitudinal assessments to track the progress of the benefits of Al
integration in impending results and teacher behaviours, as well as the institutions'
achievements, which should be a consistent positive activity and sustainable strategy adopted.
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